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The rheological behaviour of dissolved polymers is very complex. Both experiment and
theory in this field have undergone rapid development in recent years. Therefore, we de-
scribe the possibilities of predicting the viscoelastic properties as well as the shear stability
using the entanglement and reptation concepts and exemplifying mainly with narrow dis-
tributed polystyrene samples. The viscoelastic properties are discussed in relation to molar
mass, concentration, solvent quality, chemical structure and shear rate. The structure–
property relationships derived here permit the prediction of both the zero-shear viscosity,

 

h

 

0

 

, as well as the shear rate dependent viscosity 

 

h

 

( ). These relationships can be extended
to non-Newtonian fluids. For solutions of coiled polymers in a thermodynamically good
solvent, five distinct states of solution are formed: ideally dilute solution, semi-dilute parti-
cle solution, semi-dilute network solution, concentrated particle solution and concentrated
network solution. For non-homogeneous, semi-dilute (moderately concentrated) solutions
the slope in the linear region of the flow curve [

 

h

 

=f( )] must be standardised against the
overlap parameter c

 

◊

 

[

 

h

 

]. Furthermore, it is possible to predict the onset of shear degrada-
tion of polymeric liquids subjected to a laminar velocity field on the basis of molecular
modeling. Also described is the phenomenon that the elastic nature (first normal stress dif-
ference) may overwhelm the viscous nature (shear stress) at relatively low shear rates. This
high elasticity can cause deviation from laminar flow conditions and the onset conditions
can be detected by plotting S

 

R

 

=f(

 

t

 

12

 

).
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1

 

Introduction

 

At the molecular level there are several important differences between polymer-
ic fluids and “small-molecule” fluids. Because of these differences the flow be-
haviour of polymeric fluids is not similar to that of small-molecule fluids, which
are satisfactorily described by Newtonian fluid dynamics. There are several sali-
ent features of macromolecular architecture that influence the flow behaviour:
– the molar masses of the constituent molecules are very high;
– the polymers are mixtures of coils with different molar masses and the rheo-

logical properties are very sensitive to the molar mass distribution;
– the polymer molecules can assume a tremendous number of configurations,

even at equilibrium; then, in flow, the distribution of configurations can be
greatly altered with the result that stretching and alignment of the molecules
can cause the flow properties to change;

– in concentrated solutions or in melts the molecules can form a temporary en-
tanglement network with entanglement junctions whose number can change
with time in various flow situations.

These flow features are of importance in a great number of technical processes,
especially for high process velocities when extremely high shear rates can be ob-
served. For polymeric systems this can lead to a so-called non-Newtonian be-
haviour, i.e. the rheological material functions become dependent on the shear
or elongational rate.

Some examples where the viscoelastic behaviour of polymer solutions are ex-
ploited are their use as

 

 thickeners

 

 in:
– the

 

 food industry

 

, to improve the ability of storage, as gelling agents in fruit
masses and glazes, for a better freeze-thaw stability, to adjust the mouth feel-
ing [1–4];

–

 

cosmetic industry

 

, to improve the consistency, the homogeneity and flow
properties of cosmetic products [5, 6];

–

 

enhanced oil recovery

 

 as a thickener in a flooding solution [7];

as

 

 flow improvers

 

 in:
–

 

turbulent flow

 

 (drag reduction) [8, 9];

 

 

 

–

 

water treatment and protection

 

, as flocculation agents [10];
– during the so-called dye-swell in the

 

 textile industry

 

 [11];
–

 

medical applications

 

 [12], as biological fluids and in biomechanical science;

as

 

 stabilizers

 

 in:
– the

 

 pharmaceutical industry

 

, as binding and blasting agents for pills, as solu-
bility enhancers or as time-release preparations [4];

– the

 

 building material industry

 

, as water binding agents [13], to stabilize pig-
ments in paints, to improve the flow properties of wall-paper adhesives and
coatings [14, 15];
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–

 

industry

 

, as films for treating surfaces, as processing aids in mining and min-
eral industry, aids in textile industry, polymerization reaction aids [16];

–

 

agriculture

 

, as binders or thickeners for stick or binding fertilizers, for pesti-
cides [17, 18], to name but a few.

In order to understand polymer solution behaviour, the samples have to be char-
acterised with respect to their molecular configuration, their molar mass and
polydispersity, the polymer concentration and the shear rate. Classical tech-
niques of polymer characterisation (light scattering, viscometry, ultracentrifu-
gation, etc.) yield information on the solution structure and conformation of
single macromolecules, as well as on the thermodynamic interactions with the
solvent. In technical concentrations the behaviour of the dissolved polymer is
more complicated because additional intramolecular and intermolecular inter-
actions between polymer segments appear.

A theoretical prediction of water-soluble polymer solutions is difficult to ob-
tain due to their ability to build up aggregations and associations. A prediction
of the viscosity yield is much easier to observe for solutions of synthetic polysty-
rene due to its simple solution structure. These solutions have been well charac-
terized in other studies [19–23] concerning their chemical composition, molar
mass and sample polydispersity.

In a previous paper [24] the viscoelastic properties of polyacrylamide
homopolymers in solution were discussed in dependence on molar mass, con-
centration, solvent quality and shear rate. Considering these data a simple equa-
tion was developed for the 

 

h

 

0

 

-M-c relationship.
The aim of the present paper is to report on the solution structure of poly-

mers, to show how structure–property relationships can be derived in a simple
manner, so that they can be used for technical applications. Some predictions
will also be made concerning the viscous and elasticity yield as well as polymer
shear stability. To demonstrate these theoretical predictions narrowly distribut-
ed polystyrene samples will mainly be used as examples.

 

2

 

Molecular Theories

 

The rheological behaviour of polymeric solutions is strongly influenced by the
conformation of the polymer. In principle one has to deal with three different
conformations, namely: (1) random coil polymers; (2) semi-flexible rod-like
macromolecules; and (2) rigid rods. It is easily understood that the hydrody-
namically effective volume increases in the sequence mentioned, i.e. molecules
with an equal degree of polymerisation exhibit drastically larger viscosities in a
rod-like conformation than as statistical coil molecules. An experimental pa-
rameter, easily determined, for the conformation of a polymer is the exponent a
of the Mark-Houwink relationship [25, 26]. In the case of coiled polymers a is
between 0.5 and 0.9, semi-flexible rods exhibit values between 1 and 1.3, whereas
for an ideal rod the intrinsic viscosity is found to be proportional to M

 

2

 

.
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Different molecular theories have been established [27–32] to describe the
viscoelasticity of polymeric liquids. Due to their importance, a brief survey of
the different theories will be given below.

 

2.1
The Bead-Spring Model

 

First approaches at modeling the viscoelasticity of polymer solutions on the ba-
sis of a molecular theory can be traced back to Rouse [33], who derived the so-
called bead-spring model for flexible coiled polymers. It is assumed that the
macromolecules can be treated as threads consisting of N beads freely jointed by
(N-1) springs. Furthermore, it is considered that the solution is ideally dilute, so
that intermolecular interactions can be neglected.

Zimm [34] extended the bead-spring model by additionally taking hydrody-
namic interactions into account. These interactions lead to changes in the medi-
um velocity in the surroundings of each bead, by beads of the same chain. It is
worth noting that neither the Rouse nor the Zimm model predicts a shear rate
dependency of 

 

h

 

. Moreover, it is assumed that the beads are jointed by an ideally
Hookean spring, i.e. they obey a strictly linear force law.

 

2.2
The Entanglement and Reptation Concepts

2.2.1

 

Linear Viscoelastic Behaviour

 

In most cases polymer solutions are not ideally dilute. In fact they exhibit pro-
nounced intermolecular interactions. First approaches dealing with this phenom-
enon date back to Bueche [35]. Proceeding from the fundamental work of Debye
[36] he was able to show that below a critical molar mass M

 

w
*

 

 the zero-shear vis-
cosity is directly proportional to M

 

w

 

, whereas above this critical value 

 

h

 

0

 

 is found
to be proportional to (M

 

w
3.4

 

) [37, 38]. This enhanced drag has been attributed to
intermolecular couplings. Ferry and co-workers [39] reported that the dynamic
behaviour of polymeric liquids is strongly influenced by coupling points.

For polymer melts or solutions, Graessley [40–42] has shown that for a ran-
dom coil molecule with a Gaussian segment distribution and a uniform number
of segments per unit volume, a shear rate dependent viscosity arises. This effect
is attributed to shear-induced entanglement scission.

Introduction of the “reptation concept” by De Gennes [43] led to further es-
sential progress. Proceeding from the notion of a reptile-like motion of the pol-
ymer chains within a tube of fixed obstacles, De Gennes [43–45], Doi [46, 47]
and Edwards [48] were able to confirm Bueche’s 3.4-power-law for polymer
melts and concentrated polymer solution. This concept has the disadvantage
that it is valid only for homogeneous solutions and no statements about flow be-
haviour at finite shear rates are analysed.
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2.2.2

 

Non-Linear Elastic Behaviour

 

Non-linear viscoelastic flow phenomena are one of the most characteristic fea-
tures of polymeric liquids. A matter of very emphasised interest is the first nor-
mal stress difference. It is a well-accepted fact that the first normal stress differ-
ence N

 

1

 

 is similar to G', a measure of the amount of energy which can be stored
reversibly in a viscoelastic fluid, whereas t12 is considered as the portion that is
dissipated as viscous flow [49–51]. For concentrated solutions Lodge’s theory
[52] of an elastic network also predicts normal stresses, which should be associ-
ated with the entanglement density.

These classical molecular theories may be used to illustrate good agreement
with the experimental findings when describing the two extremes of concentra-
tion: ideally dilute and concentrated polymer solutions (or polymer melts).
However, when they are used in the semi-dilute range, they lead to unsatisfacto-
ry results.

3
Prediction of Rheological Behaviour of Semi-Dilute Polymer Solutions 
at Finite Rates of Deformation

3.1
Molecular Models for Solutions

In recent years it has been shown that employing molecular models to account
for the flow properties of polymer solutions represents a useful aid in solving
and simplifying the practical problems that arise during the technical applica-
tion of polymer solutions. Structure–property relationships were thus formulat-
ed which made it possible to describe and predict, for example, the shear viscos-
ity as a function of polymer concentration, molar mass, and shear rate. Applica-
tion of these relationships to the flow properties of polystyrene in various organ-
ic solvents [20, 22] has led to very good agreement with the mathematical pre-
dictions described by the theoretical models. However, for semi-dilute solutions
it was found that in many cases no standardization of h0 is achieved if it is plot-
ted versus the Bueche parameter (c◊M) (see Fig. 1). Further investigations deal-
ing with the molar mass, concentration and solvent power dependency of h0 led
to the result that the state of solution is more complex than has often been pre-
sented to date [22].

Simha [53] made the first attempts to model the transition from a dilute to a
concentrated solution. He assumed that in the range from 1£c◊[h]£10 the coils
interpenetrate and form a homogeneous network. On the basis of the so-called
scaling laws a theory has been developed which allows for the prediction of the
influence of Mw, c and the solvent power on the screening length [54, 55]. This
theory is founded on the presumption that above a critical concentration, c*, the
coils overlap and interpenetrate. Furthermore it is assumed that in a thermody-
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namically good solvent an excluded volume is to be found. Simha [53] put for-
ward the hypothesis that the overlap parameter (c◊[h]) represents a suitable
means of estimating the boundaries. In the case of semi-dilute or moderately
concentrated solutions, an excellent standardisation is obtained by plotting the
zero-shear viscosity, expressed by the specific viscosity hsp, against the overlap
parameter (c◊[h]) (Fig. 2).

Graessley showed [40] that for a complete description of polymer fluids over
the whole concentration range, i.e. from volume fraction fÆ0 to f=1, in a ther-
modynamically good solvent, five distinct states of solution must be taken into
account. These five states of solution are:

1. ideally dilute particle solution,
2. semi-dilute particle solution,
3. semi-dilute network solution,
4. concentrated particle solution, and
5. concentrated network solution.

In a q-solvent no semi-dilute network solution occurs, as free interpenetrability
is present with overlapping. Figure 3 reproduces the individual states of solution
with respect to the molar mass and the concentration [22].

The range of validity of a semi-dilute network lies between the two critical
values: c* (transition between semi-dilute particle solution and semi-dilute net-

η 0
/P

a·
s

c·M / g ·molw

2 -1
·cm3

Fig. 1. Bueche plot for various narrowly distributed polystyrene samples in toluene: (D) Mw=
48,000 g/mol; (—) Mw=117,000 g/mol; (❏ ) Mw=228,000 g/mol; (‡) Mw=333,000 g/mol; (x) Mw=
390,000 g/mol; (+) Mw=701,000 g/mol; (❍ ) Mw=1,020,000 g/mol; (● ) Mw=1,860,000 g/mol;
(■ ) Mw=3,200,000 g/mol; (◆ ) Mw=9,150,000 g/mol; (▲) Mw=23,800,000 g/mol
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work solution) and c** (transition to concentrated solution), where c* depends
on the solvent and the molar mass, while c** does not.

(1)

η s
p

/-

c·[ ] / -η
1

3
01

-1
0 1

0
0 1

1
0 1

2
010

-2
1

-1
0

1
0

0

1
1

0

1
2

0

1
3

0

1
4

0

1
5

0

1
6

0

Fig. 2. Specific viscosity hsp vs. the overlap parameter (c◊[h]) for various narrowly distrib-
uted polystyrene samples in toluene [18]
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Fig. 3. Specific states of solution of narrowly distributed polystyrene in toluene as a func-
tion of the molar mass and the polymer concentration [19, 40]
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The constant K is a function of the solvent power and increases with improv-
ing solvent quality. Furthermore c** has been shown to be a constant for a given
polymer [56].

c**=const (2)

The parameter c* can be easily determined by using viscometric measure-
ments, which yield a relative number, or by performing, for example, light scat-
tering measurements, which yield absolute values of c*. Viscometric measure-
ments are most commonly used because results are obtained quickly. However,
this relative method is not equivalent to the absolute value of c*

LS and only ab-
solute determination methods such as light scattering result in correct values of
c*.

Figure 4 demonstrates the results of several investigations. It can be seen that
both methods lead to a linear dependence between c* and Mw but differ by a fac-
tor of ten. The reason is seen in the fact that c*

[h] depends on a model (Einstein’s
law), whereas c*

LS gives absolute results. In both cases the geometric shape of the
polymer coils are assumed to be spherical but, in accordance with the findings
of Kuhn, we know that the most probable form can be best represented as a
bean-like (irregularly ellipsoidal) structure.

Taking into account the relevance of the range of semi-dilute solutions (in
which intermolecular interactions and entanglements are of increasing impor-
tance) for industrial applications, a more detailed picture of the interrelation-
ships between the solution structure and the rheological properties of these so-
lutions was needed. The nature of entanglements at concentrations above the
critical value c* leads to the viscoelastic properties observable in shear flow ex-
periments. The viscous part of the flow behaviour of a polymer in solution is
usually represented by the zero-shear viscosity, h0, which depends on the con-

PS
PAAM

/Toluene
/ Water

M / g·molW
-1

c*
/g

·c
m

-3
10

-3

10
-2

10
-1

-
1

4
0

1
7

01
5

0 1
6

0 1
8

0

c*LS

c*[ ]η

Fig. 4. Critical concentrations of polystyrene/toluene and polyacrylamide/water at 25 ˚C in
relation to molar mass determined by viscometry and light scattering
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centration and molar mass of the dissolved polymers. It has been found that if
h0, obtainable from shear experiments at relatively low shear rates, , is plotted
against the molar mass in a double logarithmic plot, then the data follow two
straight lines, which intersect at a critical molar mass Mc (the molar mass at
which chain entanglements become important). For concentrated solutions and
melts one obtains [35, 57]:

h0=K◊M1.0 for M<Mc (3)

and

h0=K'◊M3.4 for M>Mc (4)

as can be seen in Fig. 5. The change in M dependence occurs smoothly but over
a relatively narrow range in molar mass.

In the case of melts, the linear dependence of h0 on Mw below Mc is assumed
to be due to the existence of small macromolecules that cannot build up entan-
glements. Once the chains are long enough to become entangled, flow becomes
much more difficult because forces applied to one polymer chain are transmitted
to and distributed among many other chains. The M3.4 behaviour of melts and
concentrated polymer solutions is thought to be due to the existence of entangle-
ments between the macromolecules [57, 58]. In some cases [59–61] the slope for
M>Mc appears to be somewhat higher than 3.4; however, the 3.4 power is sup-
ported by data from a remarkably wide range of linear polymers [36, 57, 62].

For semi-dilute solutions, two regimes with different slopes are similarly ob-
tained; the powers of M, however, can be lower than 1.0 and 3.4. Furthermore,
the transition region from the lower to the higher slope is broadened. The criti-
cal molar mass, Mc, for polymer solutions is found to be dependent on concen-
tration (decreasing as c increases), although in some cases the variation appears
to be very small [60, 63].

lg
η 0

lg c·Mw

network-
solution

particle-
solution

3.4

1.0

Mc

Fig. 5. Double logarithmic plot of zero-shear rate viscosity against concentration and molar
mass

ġ
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On the basis of a relationship between hsp and the dimensionless product
c◊[h], simple three-term equations can be developed to correlate the zero-shear
viscosity with the concentration and molar mass.

3.1.1
Determination of h0-Mw-c Relationships

The viscosity level in the range of the Newtonian viscosity h0 of the flow curve
can be determined on the basis of molecular models. For this, just a single point
measurement in the zero-shear viscosity range is necessary, when applying the
Mark–Houwink relationship. This zero-shear viscosity, h0, depends on the con-
centration and molar mass of the dissolved polymer for a given solvent, pres-
sure, temperature, molar mass distribution Mw/Mn, i.e.

h0=f(M,c,S,p,T,Mw/Mn) (5)

A general virial equation can be written for the specific viscosity when the
zero-shear value is expressed in its specific form:

hsp=B1◊c◊[h]+B2◊(c◊[h])2+(c◊[h])3+...+Bn◊(c◊[h])n (6)

where

(7)

When all parameters with exponents higher than 2 are collected in one term,
the following term is obtained:

hsp=B1◊c◊[h]+B2◊(c◊[h])2+Bn(c◊[h])n (8)

The Huggins equation [63] is a truncated version of Eq. (8) and is defined as
follows for B1=1 and B2=KH:

hsp=c◊[h]+KH(c◊[h])2+Bn(c◊[h])n (9)

In an ideally dilute solution the viscosity level is governed solely by the hydro-
dynamically effective coil volume, i.e. the first term of Eq. (9) is the determining
factor. In this concentration range intermolecular interactions are negligible. In-
creasing the polymer concentration, however, leads to polymer–polymer inter-
actions, i.e. the second term in Eq. (9) is no longer negligible. From a purely vis-
cometric point of view it seems reasonable to assume that the transition from a
dilute to a moderately concentrated particle solution takes place when 1% of the
viscosity level is governed by the second term of Eq. (9). The critical concentra-
tion, which is denoted as c+, is in this case c+=10–2/(KH◊[h]) and thus depends
on the solvent quality and molar mass.

The fact that the second term represents to some extent intermolecular inter-
actions readily explains the finding that in a thermodynamically poor solvent

  
h h h

hsp
s

s
= -0
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KH is larger and, at the same values of c◊[h], the viscosity is much higher in a
thermodynamically poor solvent than in a good solvent (Fig. 6).

The explanation for this is that with increasing solvent power intermolecular
repulsion becomes decisive. Enhancement of the polymer concentration leads
therefore to coil shrinkage [64], whereas in the limiting case of a q-solvent no
concentration-induced shrinkage is to be expected. Raising c further leads to a
critical concentration, c*, at which the coils begin to overlap and interpenetrate.

A very convenient method for determining c* is provided by the h0-Mw-c re-
lationship. In complete analogy to Bueche, h0 is also found to correlate in semi-
dilute solutions with M3.4. Consequently, the onset of a polymeric network is
that point at which the first two terms of Eq. (9) are equal to the third term,
which represents the influence of couplings on h0.

A plot of log hsp (Eq. (9)) versus log (c◊[h]) results in a linear relationship.
The unknown quantities Bn and n can be obtained from this linear regression
(Fig. 7). A correlation of h0 with concentration and molar mass can now be
achieved using a [h]=KMa relationship and replacing [h] in Eq. (9) by its molar
mass dependent form to give:

h0=hs(c◊K◊Ma+c2K2M2aKH+cnKnMna◊Bn+1) (10)

Thus, to derive a h0-M-c relationship it is necessary to know:
1. KH, the Huggins constant,
2. Bn and n, from a linear regression analysis at high c◊[h] values of the plot log

hsp vs. log(c◊[h]), and
3. the [h]-M relationship for the polymer-solvent system.

η s
p

/-

t-decalin
slope 6.30

toluene
slope 4.55

slope 1

10 10 10 10
-1 0 1 2
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4
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7

c [ ]η.

Fig. 6. Specific viscosity, hsp, as a function of the product c◊[h] for narrowly distributed pol-
ystyrene in toluene (good solvent) (▲) and trans-decalin (poor solvent) (● ) at 25 ˚C. Ex-
perimental data for the polystyrene/toluene system at 30 ˚C (taken from [65]) are repre-
sented by (❍ ).
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For c◊[h]>10, with the aid of the modified regression, one can obtain the value
of n.

Another way to obtain the value of n is to start from Eq. (9) and consider only
the part of the plot for c◊[h]>10.

hsp=Bn(c◊[h])n (11)

Replacing the Mark–Houwink equation in Eq. (11) one obtains:

log hsp=log(BnKncn)+a◊nlogM=(A)c+a◊nlogM (12)

If log hsp is represented against log M for different concentrations, different
slopes of the representation will be obtained. If the slope is plotted against con-
centration, an asymptotic curve will be obtained; the intersection with the slope
axis being a◊n, thus the value of n can be obtained.

3.1.2
h0-Mw-c  Relationships for Different Polymer/Solvent Systems

The experimental zero-shear viscosities obtained for polystyrene (PS) of differ-
ent molar masses (with a very narrow molar mass distribution Mw/Mn=1.06–
1.30) and different concentrations in toluene and trans-decalin are plotted as
log hsp vs. log (c◊[h]) in Fig. 6.

The data sets for each solvent are fitted by a single curve, which can be de-
scribed to a good approximation by the three terms proposed in Eq. (9). Addi-

η s
p

/-

c·[ ] /-η

B ·(c·[ ])1 η

B ·(c·[ ])2 η 2

B ·(c·[ ])3 η n
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3

4
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Fig. 7. Specific viscosity against c◊[h] for a nonionic sample of polyacrylamide in water at
25 ˚C for different molar masses (M=12300–6,900,000 g/mol) and different concentrations
(0.1–5 wt%)
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tionally, one can observe that the experimental values of PS in toluene obtained
by Zakin et al. [65] at 30 ˚C (as plotted in Fig. 6) correspond well with the data
at 25 ˚C. For the polystyrene solutions in toluene, the data beyond c◊[h]=12 were
used in a linear least-square-regression analysis to estimate Bn from the inter-
cept and n from the slope. As indicated by the correlation coefficient of 0.982, the
experimental points are well described by a straight line in this range of c◊[h].
The [h]-M relationship for polystyrene in toluene is [19]:

[h]=8.62◊10–3Mw
0.736 (13)

where the units of the intrinsic viscosity, [h], are in cm3◊g–1. The Huggins con-
stant KH was estimated to be approximately 0.40. The data required for evaluat-
ing Eq. (10) are: hs=0.558 mPa◊s–1, K=8.62◊10–3, a=0.736, KH=0.40, n=4.55, and
Bn=2.474◊10–3.

The resulting h0-M-c relationship with h0 expressed in mPa◊s–1 is then:

h0=4.81◊10–3◊c◊Mw
0.736+1.658◊10–5◊c2◊Mw

1.472+5.579◊10–13◊c4.55Mw
3.35+0.558  (14)

The zero-shear viscosities measured in toluene solution are listed in Table 1
together with the values of h0(theor) calculated from Eq. (14). The percentage
deviation of the theoretical from the measured viscosities is given in column 8.

The values needed to calculate the h0-M-c relationships for PS in trans-deca-
lin (q-solvent) are: hs=2.42◊mPa◊s–1, K=6.7◊10–2, a=0.52, KH=0.50, n=6.30, and
Bn=1.08◊10–3.

The resulting equation in trans-decalin is:

h0=0.162◊c◊Mw
0.52+5.432◊10–3◊c2◊Mw

1.04+1.051◊10–10◊c6.3Mw
3.28+2.48  (15)

The determined h0-M-c equations [Eqs. (14) and (15)] are valid over a very
wide concentration range, but they are restricted to samples having molar mass-
es greater than approximately 20,000 g/mol. Viscosity data for lower molar
masses show a more rapid increase in the hsp–(c◊[h]) plot than the general
curve, because it is assumed that the number of polymer segments is too low to
form a coil.

The differences between the calculated and experimental viscosities for PS in
toluene given in Table 1 are remarkably low considering the relatively large
range of viscosities and values of c◊[h]. The viscosities of PS in trans-decalin cal-
culated from Eq. (15) deviate from the experimental data more than those for the
PS-toluene system (see Table 2), probably because trans-decalin behaves like a q-
solvent at 25 ˚C. The values of h0 are presented in Table 2 and plotted in Fig. 6.

A comparison of the solution behaviour of PS in both solvents, toluene and
trans-decalin, reveals that the limiting power of the molar mass dependence of
h0 (3.35 and 3.28, respectively) is very close to the value of 3.4 observed in highly
concentrated solutions and melts. The concentration dependence of h0, howev-
er, is clearly different in each of the solvents:

h0µc4.55Mw
3.35 for PS in toluene, T=25 ˚C (16)
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Table 1. Characterisation data and viscosities, h0, of polystyrene (molar mass distribution
Mw/Mn£1.3) in toluene at 25 ˚C. Theoretical viscosities, h0(theor), were calculated from
Eq. (14). In the last column D represents the relative deviation of h0(theor) from h0(exp)

Mw◊10–5 [h]
(cm3/g)

c 
(g/cm3)

c◊[h] hsp h0(exp)
(mPa◊s)

h0(theor)
(mPa◊s)

D (%) 

0.48 23.9 0.0052 0.124 0.133 0.632 0.631 –0.1
0.0100 0.233 0.266 0,706 0.705 –0.1
0.0149 0.356 0.432 0.799 0.787 –1.5
0.0197 0.476 0.609 0.898 0.872 –2.9 

1.17 46.6 0.0049 0.228 0.242 0.693 0.696 +0.4
0.0102 0.476 0.558 0.869 0.871 +0.2
0.0151 0.704 0.902 1,061 1.058 –0.3
0.0201 0.937 1.292 1.273 1.272 –0.1 

2.66 83.3 0.0050 0.417 0.475 0.823 0.835 +1.5
0.0100 0.833 1.101 1.172 1,192 +1.7
0.0150 1.250 1.867 1.600 1.632 +21
0.0200 1.667 2.746 2.090 2.161 +3.7
0.1436 11.96 248.0 138.9 162.0 +16.6 

3.33 99.2 0.0050 0.496 0.554 0.867 0.893 +3.0
0.0100 0.992 1.298 1.282 1.341 +4.6
0.0150 1.488 2.267 1.823 1.906 +4.6
0.0200 1.984 3.411 2.461 2.600 +5.6 

3.9 112.3 0.0460 5.400 30.50 17.58 11.87 –32.5
0.1080 12.60 214.0 120.0 160.0 +33.4 

7.01 172.5 0.0050 0.863 1.099 1.171 1.208 +3.2
0.0100 1.725 2.875 2.162 2.208 +2.1
0.0150 2.588 5.205 3.462 3.615 +4.4
0.0200 3.450 8.592 5.352 5.556 +3.8
0.0540 9.315 99.00 55.80 61.72 +10.6
0.1420 24.50 3924 2190 3118 +42.4 

10.19 235.5 0.0270 6.360 26.20 15.18 17.88 +17.8
0.0360 8.480 45.50 25.95 40.33 +55.4
0.0460 10.83 115.5 65.00 92.49 +42.3 

18.6 353.3 0.0004 0.141 0.141 0.637 0.642 +0.8
0.0008 0.283 0.262 0.704 0.734 +4.3
0.0012 0.424 0.497 0.835 0.836 +0.1
U016 0.565 0.723 0.931 0.947 –1.5
0.0020 0.707 0.923 1.073 1.066 –0.6
0.0270 9.539 113.0 63.61 67,31 +5.8
0.0360 12.72 300.4 168.2 195.6 +21.4
0.0465 16.43 1074 600.0 556.1 –33.6
0.1000 35.33 43,010 24,000 16129 –39.0
0.1434 50.66 17,0200 95,000 82,213 –25.6 

32 541.0 0.0270 14.61 513.3 287.0 306.1 +6.7
0.0360 19.48 1375 767.8 1025 +33.5
0.0460 24.89 3780 2110 2993 +41.9 

91.5 1147 0.0270 31.00 13,977 7800 8743 +12.0
0.0360 4130 67,463 37,630 31,917 –15.2
0.0460 5180 12,7060 70,900 96,781 +36.5 
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h0µc6.30Mw
3.28 for PS in trans-decalin, T=25 ˚C (17)

The zero-shear viscosities of PS in the poorer solvent trans-decalin depend on
a higher exponent of c than in the better solvent toluene. Although it has been
assumed in the literature that h0µc4◊M3.5 [66], experimental investigations show
higher exponents for c [67]. In the high molar mass region and at high concen-
tration, the h0µM3.4 relationship was established [62].

The [h]-M relationships of polystyrene (2000<Mw<24◊106) in different sol-
vents at 25 ˚C and under q-conditions (cyclohexane at 34.5 ˚C) are summarized
in Table 3.

Table 1. (Continued)

Mw◊10–5 [h]
(cm3/g)

c 
(g/cm3)

c◊[h] hsp h0(exp)
(mPa◊s)

h0(theor)
(mPa◊s)

D (%) 

236 2245 0.0001 0.225 0.240 0.692 0.698 +0.9
0.0004 0.898 1.185 1.219 1.262 +3.5
0.0006 1.347 2.026 1.689 1.760 +4.4
0.0008 1.796 3.041 2.255 2.364 +5.3
0.0010 2.245 4.119 2.856 3.086 +8.9
0.0020 4.490 14.73 8.780 9.317 +10.0
0.0092 20.65 2741 1530 1630 +4.5
0.0098 22.00 2866 1600 2149 +30.6
0.0360 80.82 12,54000 69,9732 754,913 +7.9

Table 2. Characterisation data and viscosities, h0, of polystyrene (molar mass distribution
Mw/Mn£1.3) in trans-decalin at 25 ˚C. Theoretical viscosities, h0(theor) were calculated
from Eq. (15). In the last column D represents the relative deviation of h0(theor) from
h0(exp)

Mw◊10–5 [h] 
(cm3/g)

c 
(g/cm3)

c◊[h] hsp h0(exp)
(mPa◊s)

h0(theor)
(mPa◊s)

D 
(%)

2.66 44.4 0.0465 2.06 5.8 16.5 12.8 –22.3
0.0978 4.34 41.6 103.0 64.2 –37.7
0.1431 6.35 123.0 300.0 379.7 +26.6
0.2172 9.64 949.4 2300.0 4477.5 +94.7

3.9 54.1 0.0500 2.71 10.2 27.0 19.3 –28.6
0.1090 5.90 85.8 210.0 256.6 +22.2

7.01 73.4 0.0465 3.43 25.4 64.0 31.1 –51.4
0.0974 7.18 396.0 960.0 747.6 –22.1
0.1418 10.40 1735.4 4200.0 7256.5 +72.8
0.2172 16.02 21900.0 53000.0 104526.4 +97.2

7.42 75.6 0.0464 3.50 21.7 55.0 33.3 –39.4
0.2172 16.40 82643.6 200000.0 125898.0 –37.1

18.6 122.0 0.0464 5.70 346.0 M.O 207.8 –75.3
0.1000 12.20 16528.0 40000.0 19514.0 –51.2
0.1432 17.50 85536.2 207000.0 180495.0 –12.8
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For a correct determination of the Mark–Houwink relationship for a homol-
ogous series of polymers, it is very useful to use ultrasonic irradiation. Due to its
good reproducibility, it is the best means of breaking down the molar mass  and
it has the advantage that it results in a definite limiting molar mass (Fig. 8). Ul-
trasonic degradation has the advantage that chain scission occurs only in the
middle of the macromolecule, so that no low molar mass degradation products
or even monomers are generated. The limiting molar mass ensures that ultra-
sonic degradation produces representative fragments of the original polymer.
When carrying out ultrasonic degradation, it is essential to avoid any radical de-
polymerisation or thermal decomposition.

In Table 4 some h0-M-c relationships for other polymer/solvent systems [68–
70] are presented. For polyacrylamide (nonionic sample) in water two relation-
ships were obtained. The values are slightly different, which was caused by one
apparatus being more complex than the other. A relationship for a cationic pol-
ymer [poly(acrylamide-co-trimethylammonium methacrylate chloride)] is also
shown in Table 4. It is important to notice that in dimethyl sulfoxide, schizophyl-
lan (nonionic polymer) has a coil structure. A h0-M-c relationship for a set of
carboxymethylcelluloses (CMC) with the degree of substitution varying be-
tween 0.71 to 2.95 and the partial degree of substitution raised uniformly at po-
sitions C2, C3 and C6 is also presented. Surprisingly, the viscosity for all the
CMC samples in 0.01 M NaCl at 25 ˚C can be predicted by a single h0-M-c equa-
tion, independent of the degree of substitution. The accuracy is limited for these

Table 3. Mark–Houwink relationships for polystyrene in different solvents at 25 ˚C as com-
pared with q-conditions

Parameters Toluene cis-Decalin trans-Decalin Cyclohexane

a 0.736 0.574 0.520 0.500
K[h] (cm3/g) 0.00862 0.0400 0.0670 0.0828
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Fig. 8. Behaviour of molar mass vs. time of irradiation for methylhydroxyethylcellulose ex-
posed to ultrasound degradation
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Table 4. h0-M-c relationships for some polymer/solvent systems

Polymer system h0-M-c relationship (h0 /mPa·s)

Polystyrene/toluene

Polystyrene/t-decaline

Polystyrene/
n-butylbenzene

Polystyrene/cis-decaline

Poly(methyl
methacrylate)/toluene

Polyacrylamide/water

Poly(acrylamide-co-
trimethylammonium-
methacrylate chloride)/
1M NaCl

Schizophyllan/
dimethylsulfoxide

Carboxymethylcellulose/
0.01M NaCl

(1,3)(1,4)-b-glucane/water

h0-[h]-c relationship

Polyurethane/N,N-
Dimethylacetamide

Xanthane/0.1M NaCl

Xanthane/water
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polymers by the supposition that aggregates or associations can appear. A h0-M-
c relationship for a (1,3)(1,4)-b-glucan/water system was obtained. Almost the
same dependency was obtained by Robinson [71] for an oat b-glucan/water sys-
tem; the plot of hsp=f(c◊[h]) having slopes of 1.08, 1.8 and 3.90, respectively.
These relationships can be a good help for technical applications.

In order to evaluate the viscosity of a polymeric liquid at finite rates of de-
formation, two parameters must be determined, i.e. (i) the critical shear rate

 ( =1/l) at which h becomes a function of the of deformation, and (ii) the
slope in the linear range of the flow curve.

3.2
h–Mw–c–   Relationship

The influence of the molar mass and concentration above the zero-shear viscos-
ity has been described. In the following sections the influence of these parame-
ters in the region of Newtonian and non-Newtonian regimes will be discussed.

3.2.1
Concentration Dependence

Polymers in solution or as melts exhibit a shear rate dependent viscosity above
a critical shear rate, crit. The region in which the viscosity is a decreasing func-
tion of shear rate is called the non-Newtonian or power-law region. As the con-
centration increases, for constant molar mass, the value of crit is shifted to low-
er shear rates. Below crit the solution viscosity is independent of shear rate and
is called the zero-shear viscosity, h0. Flow curves (plots of log h vs. log ) for a
very high molar mass polystyrene in toluene at various concentrations are pre-
sented in Fig. 9. The transition from the shear-rate independent to the shear-rate
dependent viscosity occurs over a relatively small region due to the narrow mo-
lar mass distribution of the PS sample.

3.2.2
Molar Mass Dependence

Qualitatively, the same behaviour is observed for the flow curves at a fixed poly-
mer concentration with various molar masses (Fig. 10). The shear rate depend-

Table 4. (Continued)

Polymer system h0-M-c relationship (h0 /mPa·s)

Schizophyllan/water
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water
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ġ ġ

  ̇g

ġ
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ence of the viscosity begins at a lower value of  than the molar mass increases.
However, for a very high polystyrene molar mass and a solution concentration
of 3 wt%, the viscosities in the non-Newtonian region become equal for all the
samples with various molar masses and follow a straight line with a slope of –
0.83. This slope is in accordance with the theory of Graessley (–0.82) [57] and
other experimental data [72, 73].

The fact that viscosity is independent of molar mass at high shear rates is of
fundamental importance, since it follows that it is impossible to distinguish be-
tween different samples if the viscosity is measured in the power-law region.
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Moreover, a further conclusion can be drawn from Fig. 10, namely, that the eval-
uation of molar mass is impossible in the non-Newtonian region because sam-
ples with different molar mass all exhibit the same viscosity at a given shear rate.

3.3
Characteristic Relaxation Time

For a precise analysis of the shear rate dependent viscosity it is necessary to
know at which critical rate of deformation shear-induced disturbance can no
longer be leveled out by the recoil of the polymers.

3.3.1
Relaxation Time Behaviour in Ideally Dilute and Concentrated Solutions

First approaches to approximating the relaxation time on the basis of molecular
parameters can be traced back to Rouse [33]. The model is based on a number
of boundary assumptions: (1) the solution is ideally dilute, i.e. intermolecular
interactions are negligible; (2) hydrodynamic interactions due to disturbance of
the medium velocity by segments of the same chain are negligible; and (3) the
connector tension F(r) obeys an ideal Hookean force law.

The velocity gradient leads to an altered distribution of configuration. This
distortion is in opposition to the thermal motions of the segments, which cause
the configuration of the coil to drift towards the most probable distribution, i.e.
the equilibrium’s configurational distribution. Rouse derivations confirm that
the motions of the macromolecule can be divided into (N-1) different modes,
each associated with a characteristic relaxation time, lR,p. In this case, a gen-
eralised Maxwell model is obtained with a discrete relaxation time distribu-
tion.

, p=1, (N–1) (18)

The longest mode (p=1) should be identical to the motion of the chain. The
fundamental correctness of the model for dilute solutions has been shown by
Ferry [74]. Ferry and co-workers [39, 75] have shown that, in concentrated solu-
tions, the formation of a polymeric network leads to a shift of the characteristic
relaxation time l0 (l0=1/ crit; i.e. the critical shear rate where h becomes a func-
tion of ). It has been proposed that this time constant is related to the motion
of the polymeric chain between two coupling points.

For concentrated polystyrene solutions (c>c**) in n-butylbenzene, Graessley
and co-workers [36] observed that the shift factor hconc depends on the number
of entanglements per macromolecule E.

l0
conc=hconc◊lR (19)

hconc=f(E)=K1◊(1+K2◊E)–1 (20)
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For highly concentrated solutions, Eq. (20) can be simplified, due to the fact
that in such a case the plateau modulus G'

p is Mw independent. Under these con-
ditions it is clear that E is solely a function of Mw.

(21)

By substitution of E [Eq. (21)] in Eq. (20), on the assumption that
(K2◊const.¢◊Mw)>>(1–K2), one obtains:

hconc@const.◊Mw
–1 (22)

Substitution of (h0–hs) in Eq. (18) by Bueche’s 3.4-power-law [46, 75]
(h0µMw

3.4) leads to the following dependency:

l0
concµlR◊Mw

–1µMw
3.4 (23)

However, these results are only valid for freely interpenetrating coils, a molar
mass independent screening length x and a uniform segment density.

3.3.2
Relaxation Time Behaviour of Moderately Concentrated Polymeric Solutions

In semi-dilute solutions, the Rouse theory fails to predict the relaxation time be-
haviour of the polymeric fluids. This fact is shown in Fig. 11 where the reduced
viscosity is plotted against the product ( ◊lR). For correctly calculated values of
l0 a satisfactory standardisation should be obtained independently of the molar
mass and concentration of the sample.
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The range of semi-dilute network solutions is characterised by: (1) polymer–
polymer interactions which lead to a coil shrinkage; (2) each blob acts as indi-
vidual unit with both hydrodynamic and excluded volume effects; and (3) for
blobs in the same chain all interactions are screened out (the word blob denotes
the portion of chain between two entanglements points). In this concentration
range the flow characteristics and therefore also the relaxation time behaviour
are not solely governed by the molar mass of the sample and its concentration,
but also by the thermodynamic quality of the solvent. This leads to a shift factor,
hmod, that is a function of the molar mass, concentration and solvent power.

(24)

Substitution of the term (h0–hs) by the h0-Mw-c relationship [Eq. (10)] leads
to a general form of the l0-Mw-c relationship:

(25)

It is worth noting that for the limiting case of a=1, the l0-Mw-c relationship
exhibits the same proportionalities as obtained for the Rouse equation
[Eq. (18)]. On the basis of Eq. (25) it is possible to obtain a standardisation of the
relaxation time if the product l0◊c1+1/a is plotted against the overlap parameter,
c◊[h], as shown in Fig. 12.

For high values of c◊[h] the final term in Eq. (25) becomes the determining
factor.

l0
mod◊c1+1/aµ(c◊[h])n+1 (26)

It has been proved [20] that the exponent n of the h0-Mw-c relationship is a
function of the solvent quality:

n=3.4/a (27)

i.e. in a poor solvent the specific viscosity increases more rapidly with increasing
values of c◊[h] than in a good solvent. Substitution of n in Eq. (27) leads to the
following correlations:

l0
modµc2.4/a[h]3.4/(a+1) (28)

For polystyrene in toluene (a=0.736) detailed theoretically and experimental-
ly derived results are given below [19].

l0
mod

,theor µc
3.26[h]5.62 (29)
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l0
mod

,expµc
3.02[h]5.37 (30)

The total l0-Mw-c relationship for polystyrene at 25 ˚C in toluene is:

l0=2.2◊10–10◊c–0.36◊[h]2+8.8◊10–11◊c0.64◊[h]3+5.4◊10–13◊c3.02◊[h]5.37 (31)

Using the statements formulated above it is now possible to determine the re-
laxation time for every state of solution.

3.4
Slope of the Flow Curve in the Power-Law Region

The flow characteristics at finite shear of narrowly distributed melts have been
investigated very thoroughly by Stratton [76]. He reported that in the power-law
region, a slope n of –0.82 is obtained. For concentrated solutions Graessley [41]
had theoretically derived an approximate identical value of –0.818. However,
these approaches are only valid for homogeneous solutions with a uniform seg-
ment density. For non-homogeneous solutions, a pronounced concentration de-
pendency of the slope in the linear region of the flow curve has been observed
experimentally. In this case a limiting slope of –0.83 was measured for high val-
ues of c◊[h] [22]. This is, within the margins of error, commensurate with both
Stratton’s and Graessley’s data. Yet in less concentrated solutions [22] a pro-
nounced dependency between the slope n (dlog h/dlog ) and the overlap pa-
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rameter was observed. As shown in Fig. 13, n is not solely a function of c◊[h] but
depends also on the solvent quality.

Analysis of the experimental data leads to the assumption that n is a measure
of the homogeneity of a solution, i.e. in a q-solvent the slope should be equal to
–0.83 for c◊[h]≥0.7, due to the fact that there is unhindered interpenetration and
therefore a homogeneous segment density. However, it is worth mentioning that
it is impossible to verify this fact by simple shear flow experiments. As Wiss-
brunn [77] showed, thermodynamic interactions can be seriously influenced by
a velocity field. Increasing the velocity can lead to a flocculation of the polymer
which is coupled with a phase transition at, or in the region of, the q-point. In a
thermodynamically good solvent the limiting slope of –0.83 should be attained
for c>c** (e.g. for polystyrene the transition to a concentrated, homogeneous
solution occurs at c**=0.118 g/ml) or for large values of c◊[h]. The interdepend-
ence between n and c◊[h] can be expressed using a simple exponential ap-
proach.

log(n+0.83)=K1–K2◊c◊[h] (32)

The constants K1 and K2 must be evaluated experimentally as shown in
Fig. 14.

However, the fact that the concentration has a more pronounced influence on
the slope in the power-law region of the flow curve than Mw is often overlooked.
Variation of the concentration (Mw=const.) therefore leads to a drastic change
in the slope, whereas a variation of the molar mass (c=const.) gives rise to a far
less substantial change in n (Fig. 15). This fact is easily understood from
Eq. (32). Log n increases with increasing molar mass, giving the slope a
(log nµMa; a<1; c=const.), whereas log n is directly proportional to c (log nµc;
Mw=const.).
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vent). (–) theoretical course for a q-solvent
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It is possible to approximate the shear rate dependent viscosity at any rate of
deformation ( ≥ crit), to such an extent that degradation may be neglected.

(33)

h( )=hs+K◊( ◊l0)n◊(h0–hs) (34)
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In Eq. (34) K is a constant that approximates to unity. Substitution of (h0–hs)
by the h0-Mw-c relationship, l0 by the l0-Mw-c relationship and the exponent n,
as mentioned above, leads to the results that h( ) is solely a function of the over-
lap parameter, the term c1+1/a and the rate of deformation, i.e. the shear rate de-
pendence of h can be satisfactorily described by application of a three-parame-
ter approach.

3.5
Flow Curve Standardisation

For concentrated solutions of polystyrene in n-butylbenzene, Graessley [40] has
shown that the reduced viscosity hred (hred=(h( )–hs)/(h0–hs)) can be repre-
sented on a master curve if it is plotted versus the reduced shear rate b (b=

/ crit= ◊l0). For semi-dilute solutions a perfect master curve is obtained if b is
plotted versus a slope corrected for reduced viscosity, hcorr, as shown in Fig. 16.

In cases of relatively high values of c◊[h], (c◊[h]≥15 in poor solvents and
c◊[h]≥25 in good solvents), the influence of the homogeneity of the slope in the
linear region of the flow curve is negligible and a slope of –0.83 can be assumed
without risking too great an error. Furthermore, the viscosity in this region is
governed by the entanglement density and the excluded volume. In this case, the
first two terms of the h0-Mw-c relationship can be neglected.

(h0–hs)@hsBn◊(c◊[h]n=hsBn(c◊[h])3.4/a (35)

In a great number of cases the [h]-Mw relationship can be taken from hand-
books, so that only Bn has to be determined experimentally. This can be achieved
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by a simple viscosity measurement. Using this approach the l0-Mw-c relation-
ship [78] can also be greatly simplified by substitution of (h0–hs) in Eq. (36):

(36)

As in Eq. (35), the constant Kl in Eq. (36) can be evaluated by determination
of crit in one example. For the shear rate dependent viscosity, it then follows
that (h( )>>hs):

(37)

3.6
The Second Newtonian Region

For high rates of deformation, a second shear rate independent region of the vis-
cosity h• (the second Newtonian region) has been predicted in a great number
of cases [79, 80]. Following the entanglement concept the transition can be un-
derstood on a molecular level by a decreasing concentration of entanglement
points with increasing rate of shear. Thus, at very high shear rates the molecules
are finally extended to a maximum and therefore an upper limiting viscosity val-
ue should be reached. Phenomenological theories [81] as well as simple empiri-
cal equations (extended power-law type) [82] make use of a definite value h• in
modelling the complete flow curve.

In a set of viscometric measurements the behaviour of different concentra-
tions of polystyrene in decalin solutions up to extreme high shear rates has
been investigated [83] (Fig. 17), in an attempt to evaluate the upper limiting
viscosity h•. As can clearly be seen, the solution viscosity at the highest shear
rates is only two-thirds of a decade above the solvent viscosity. Extrapolation of
the power-law slope to higher shear rates in each case intersects with the sol-
vent viscosity at 5◊106 s–1. h• is not reached and therefore is not a deviation
from a straight slope, i.e. a power-law region. Flow behaviour similar to that of
PS solutions was found in other studies and h• was not detectable [72]. The
main experimental problems which arise at very high shear rates are chain scis-
sion and shear heating. One can conclude that h• is experimentally not readily
accessible. It may be even be impossible to maintain the laminar flow condi-
tions of viscoelastic fluids of coiled polymers at high shear rates and thus to de-
termine h•.
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ġ

  

h g h g h h

h g h

l

l

( ˙ )
[ ] ˙

( [ ] )

[ ]
˙

. /
.

.

.

. /
.

.
.

@ ◊ ◊ ◊
È

Î

Í
Í
Í
Í

˘

˚

˙
˙
˙
˙

◊ ◊ ◊ ◊ @

@ ◊ ◊ ◊ ◊È

Î
Í

˘

˚
˙ ◊

+
-

-
-

K c
T

B c

B c
K

T

a a

s n
a

n
a a

s

2 4
3 4

1
0 83

3 4

1 4
0 58

0 83
0 83

      



30 G. Grigorescu, W.-M. Kulicke 

3.7
Criteria for Shear Stability

In order to obtain solutions with the desired flow properties, shear-induced deg-
radation should be avoided. From mechanical degradation experiments it has
been shown that chain scission occurs when all coupling points are loose and the
discrete chains are subjected to the velocity field. Simple considerations lead to
the assumption that this is obtained when hsp( ) is equal to hsp(c◊[h]) (Fig. 18).
The critical shear rate can then easily be evaluated [22].

(38)

Substitution of hsp,deg by c◊[h] and hsp,0 by the h0-Mw-c relationship (Eq. (10))
leads to the following equation:

(39)

The molar mass of the degraded sample can easily be calculated by assuming
that the overlap parameter is equal to the intersection point of the horizontal
with the line of slope 1.

hsp( )=(c◊[h])*
deg (40)
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Fig. 17. Flow curve for various concentrations of polystyrene (Mw=2◊106 g/mol) in decalin
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ġ

  

h
h

g lsp

sp

n,deg

,
deg( ˙ )

0
= ◊

˙ [ ] ( [ ]deg

.
/

g h h l= + ◊ ◊ + ◊
È

Î
Í
Í

˘

˚
˙
˙

◊
-

-

-1
3 4

1
1

0
1K c B cH n

a

n

ġ
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(41)

The correctness of this model has been shown viscometrically, as well as by
means of wide-angle light scattering. Slope 1 illustrates that the diagram can be
divided into two fields (Fig. 18). Below slope 1 there is no evidence of entangle-
ments. In contrast to the traditional entanglement concept the slope was extend-
ed beyond (c◊[h])*-values. At zero-shear conditions there is a maximum number
of entanglements. By increasing  the number of entanglements (in the power-
law region) is reduced and if slope 1 is attained then degradation occurs, which
is what this model predicts. Figure 18 demonstrates this precise tendency for
polystyrene in toluene. The critical specific viscosity of a sheared polymer solu-
tion is the point of intersection (A) between the vertical (a) and the line with a
slope of 1 (theoretical viscosity of a non-entangled fluid). Higher shear-stress
leads to degradation. The mean molar mass of a degraded compound can easily
be estimated by the point of intersection (B) between the horizontal (b) and the
line with the slope of 1. The effect of shear rate dependent viscosity is calculated
quantitatively using a modified reduced shear rate b':

b'=(h0–hs)◊Ma◊g/c1/a◊R◊T (42)

Normally b¢ is used without considering the solvent quality. However, a mas-
ter low curve can only be established using such a method. In Table 5 a compar-
ison of the model prediction with the experimental findings, obtained by laser
light scattering measurements, is given.
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4
Elasticity in Shear Flow

When polymers are employed industrially, the elastic properties are just as sig-
nificant as the viscous properties. The elastic material function may lead, under
high shear rates (e.g. injection), to a loss of energy and to material defects. The
complex shear modulus is composed of the storage modulus G¢, which repre-
sents the elastic character, and the loss modulus G¢¢, which represents the vis-
cous behaviour. The loss factor tand=G¢¢/G¢ indicates whether a body is mainly
elastic or viscous. For an ideal Newtonian fluid, the ratio is infinite for an ideally
viscous and zero for an ideally elastic sample. It is known, however, that polymer
fluids develop not only shear stresses but also normal stresses perpendicular to
the flow directions. Normal stresses are primarily a manifestation of the elastic-
ity of polymeric liquids and they are not found for Newtonian liquids. At high
frequencies, the solutions show an increasing elastic portion, i.e. only a small
part of the energy is transformed into viscous flow (small tand). Together with
this linear viscoelastic behaviour, polymer solutions also exhibit, in contrast to
Newtonian fluids, non-linear viscoelastic properties. A complete rheological
characterization of polymer solutions and melts in steady shear flow is only giv-
en if the three stress functions (shear stress, t12, first and second normal stress
differences, N1 and N2) are determined. In practice, no problems are usually en-
countered in measuring t12 and N1, but many difficulties occur when determin-
ing N2. Additionally, there are some problems with flow irregularities in differ-
ent kinds of steady shear flow at higher shear rates, which may be connected
with general instabilities of coating processes, fiber spinning and calendaring
[84]. These problems increase with increasing shear rate. These anomalous
flows seem to be caused by the elastic component of the fluids and may be re-
sponsible for flow problems in polymer processing.

The precision of the measured N1 values can be influenced by inertia. All N1-
values of shear rates higher than 10 s–1 can be corrected for inertia effect using
Eq. (43):

Table 5. Results from shear degradation measurements in two different rheometers (capil-
lary, Couette-type) compared with model predictions of narrowly distributed polystyrene 
samples in toluene

Mw◊10–6 
(g/mol)

c 
(wt%)

◊g (s–1) hsp (Pa◊s) c◊[h] c◊[h]* Mw◊10–6 
(g/mol)

Model 
prediction

Experimental
findings

23.6 0.2 1.5◊106 2 4 1.5 6.0 6.4
9.2 0.2 1.9◊106 1.4 2.1 1 3.4 3.0
3.2 0.2 2.3◊106 1.2 1 0.9 2.8 2.8

23.6 1 5240 7 20 8 6.5 15.2
23.6 3 5240 42 60 48 16.7 16.6
23.6 4 5240 58 80 60 15.3 14.7
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(43)

Inertia reduces the measured normal forces and it only depends on the diam-
eter of the system and the rotational speed for a given solution. In the case of a
polymer solution with real but small normal forces (dilute or lower molar mass-
es), even negative N1-values are simulated by this effect [85].

The N2-values can be evaluated with the mathematical manipulations given
by Petersen et al. [86] and developed by Jackson and Kaye [87].

(Pa) (44)

(s–1) (45)

Considering the influence of shear rate on the viscoelastic behaviour of a non-
Newtonian fluid, represented here by solutions of polystyrene standards in tol-
uene, the obtained dependencies are plotted in Fig. 19. It can be seen that the
shear stress is independent of the molar mass above a shear rate of 500 s–1 in the
case of the molar masses chosen here. This is of fundamental importance in
practice and theory (entanglement concept). The measured N1 function shows
much higher values than shear stress over almost all of the detectable shear
range and a significant influence on the molar mass. In Fig. 19a the pure stresses
are plotted, and the point of intersection, where the elastic force reaches a value
as high as the viscous force, will be found in the region of relative low shear rate.
At shear rates three decades higher, N1 reaches values approximately one decade
greater than the shear stress. Figure 19b shows the concentration dependence.
In this case, a bigger difference of the viscous component in the power-law re-
gion yields. But in contrast, N1 shows qualitatively the same behaviour in rela-
tion to the shear stress as in the molar mass dependence.

Deviation from laminar shear flow [88, 89], by calculating the material func-
tions h=f( ), t12=f( ), t11–t22=f( ), is assumed to be of a laminar type and this
assumption is applied to Newtonian as well as viscoelastic fluids. Deviations
from laminar flow conditions are often described as turbulent, as flow irregular-
ities or flow instabilities. However, deviation from laminar flow conditions in
cone-and-plate geometries have been observed and analysed for Newtonian and
viscoelastic liquids in numerous investigations [90–95]. Theories have been de-
rived for predicting the onset of the deviation of laminar flow between a cone
and plate for Newtonian liquids [91–93] and in experiments reasonable agree-
ments were found [95].
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Flow irregularities at gap angles of 30˚ were observed in viscoelastic liquids
[94]. It has been indicated in theoretical treatments that the possibility of sec-
ondary flows [96, 97] in rotational devices is to be expected if the gap angle is
much greater than 5˚. For viscoelastic fluids deviations from laminar flow have
only been reported in cone-and-plate geometries with gap angles above 10˚.
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Fig. 19. Shear stress and first normal stress difference plotted as a function of shear rate for
different molar masses, and b at different concentrations of polystyrene in toluene
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Flow irregularities were observed visually in steady shear at the edge of con-
ventional cone-and-plate geometry with a cone angle of 2.3˚. Figure 20a–e shows
photographs of the flow irregularities in a cone and plate for an aqueous poly-
acrylamide (PAAm) solution. At low shear rates, the visible air surface is smooth
but, on increasing the shear rate, flow irregularities become more pronounced.
Figure 20e is an enlargement of Fig. 20b. The flow irregularities appear to be
vortices.

Up to 100 vortices can be observed at one time, dependent on molar mass, con-
centration and shear rate. The vortices are seen to rotate about their own axis at
the same time moving in the direction of shear. Vortices were seen up to the high-
est achievable shear rate g=1000 s–1. Decreasing or increasing the shear rate has
little or no influence on the generation of vortices. They appear or disappear in a
few seconds. The vortices are not caused by air or vapour bubbles. Vortices were
also observed in a solution to which a surfactant had been added, and the onset

Fig. 20. Photographs of a secondary flow (vortices) in an aqueous PAAm solution at four
shear rates in a cone-and-plate system. The cone is at the top. Mh=2.53◊106, c=4 wt%, T=
23 ˚C, radius=5 cm, cone angle=0.04 rad (2.3˚). a g=1.58 s–1, b g=25 s–1, c g=158 s–1, d g=
625 s–1, e g=25 s–1, enlargement of b
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was at the same conditions as in an identical solution without surfactant. This
demonstrates that a vortex formation is not a surface-induced phenomenon.

4.1
Detection of Onset Conditions

Cone-and-plate rheometers are widely used to determine the viscoelastic prop-
erties of polymer systems. The common assumption is that the flow is laminar,
which provides a direct solution for the equation of motion [98]. Thus a number
of precautions must be followed to ensure the existence of laminar flow between
a cone and a plate. The gap angle should be low, generally less than about 4˚. The
most commonly used gap angles are indeed between 1 and 4˚. Adams and Lodge
[99] have shown that both the error in computed shear rate and the variation of
shear rate across the gap will be less than 0.5% for this case. A theoretical expla-
nation anticipating flow irregularities for angles higher than 4˚ has been given
[96]. Another important and common assumption for the validity of the equa-
tion for laminar flow is that edge and inertial effects are negligible.

The transition from laminar to the onset of a secondary flow can be defined
by the Reynolds number, Re:

(46)

Using this equation an attempt was made to find a critical Re-number which
could be correlated to the onset of vortices observed with the naked eye, as has
been done, for example, for Newtonian fluids [93], but no correlation could be
found [88]. The reason is probably due to the fact that polymer solutions are vis-
coelastic fluids, also called second-order fluids.

In a first-order fluid (Newtonian) only significant dimensionless groups can
be derived which include elastic behaviour [88].

(47)

The usual way is to plot SR vs. shear rate.
In the case of polystyrene solutions sample loss was observed without pro-

nounced overshoot taking place beforehand [88, 89] (Fig. 21). The intersection
point gives conditions for the onset of flow irregularities. This method can also
be applied when determining melt fractures which occur during extrusion [50].
Therefore one can conclude that by shearing a polymer solution, the expected
smooth surface will be observed and, by increasing , vortices may occur. In
some cases, by further increasing  pronounced overshoots are observed which
may be followed by sample loss of the solutions. The existence of two kinds of
flow irregularities was also found in capillary flow [100]. By using dimensionless
analysis, it is possible to detect the onset of flow irregularities by plotting SR=
f(t12) [88, 89].
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5
Conclusions

Viscoelastic properties have been discussed in relation to molar mass, concen-
tration, solvent quality and shear rate. Considering the molecular models pre-
sented here, it is possible to describe the flow characteristics of dilute and semi-
dilute solutions, as well as in simple shear flow, independent of the molar mass,
concentration and thermodynamic quality of the solvent. The derivations can be
extended to finite shear, i.e. it is possible to evaluate h as a function of the shear
rate. Furthermore it is now possible to approximate the critical conditions (crit-
ical shear rate, critical rate of elongation) at which the onset of mechanical deg-
radation occurs. With these findings it is therefore possible to tune the flow fea-
tures of a polymeric solution so that it exhibits the desired behaviour under the
respective deposit conditions.

Below a critical concentration, c**, in a thermodynamically good solvent, h0
can be standardised against the overlap parameter c◊[h]. However, for c>c**,
and in the case of a q-solvent for parameter c◊[h]≥0.7, h0 is a function of the
Bueche parameter, cMw. The critical concentration c** is found to be Mw and
solvent independent, as predicted by Graessley. In the case of semi-dilute poly-
mer solutions the relaxation time and slope in the linear region of the flow are
found to be strongly influenced by the nature of polymer–solvent interactions.
Taking this into account, it is possible to predict the shear viscosity and the crit-
ical shear rate at which shear-induced degradation occurs as a function of Mw, c
and the solvent power.

An increase in polymer molar mass and/or concentration and a decrease in
the thermodynamic quality of the solvent will lead to a decrease in the critical
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Fig. 21. Recoverable strain as a function of shear stress for polystyrene/toluene solutions
with different molar masses at 5 wt%. (+) polyacrylamide/water solutions, (◆ ) 2 wt%, (x)
2 wt% (with surfactant), (❍ ) 4 wt% and polyethylene melts
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shear rate at which the normal stress (elastic behaviour) will overwhelm the
shear stress (viscous behaviour). Above this critical shear rate, the flow behav-
iour of the solutions will be strongly influenced by their elasticity. Therefore one
can conclude that by shearing a polymer solution, a smooth surface will be ob-
served as expected and by increasing  vortices may occur. In some cases, by
further increasing , pronounced overshoots are observed which may be fol-
lowed by sample loss of the solutions. The reason for this unusual flow behaviour
is not yet understood and may be responsible for some contradictory results in
the literature. However, this anomalous flow seems to be caused by the elastic
component (N1 and N2) of the fluids and may be responsible for flow problems
in polymer processing.

A great number of investigations have shown that the theoretical correlations
established for polystyrene are in good agreement with the experimental data
[83, 101–107].
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1
Introduction – Specific Features of the Characterization of Polymers

Polymer products synthesized in laboratories and in industry represent a set of
individual chemical compounds whose number is practically infinite. Macro-
molecules of such products can differ in their degree of polymerization, tactici-
ty, number of branchings and the lengths that connect their polymer chains, as
well as in other characteristics which describe the configuration of the macro-
molecule. In the case of copolymers their macromolecules are known to also
vary in composition and the character of the alternation of monomeric units of
different types. As a rule, it is impossible to provide an exhaustive quantitative
description of such a polymer system, i.e. to indicate concentrations of all indi-
vidual compounds with a particular chemical (primary) structure. However, for
many practical purposes it is often enough to define a polymer specimen only in
terms of partial distributions of molecules for some of their main characteristics
(such as, for instance, molecular weight or composition) avoiding completely a
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description of their chemical structure. In other cases the latter plays a central
role in predetermining some of the physicochemical properties, where a knowl-
edge of the quantitative characteristics of the polymer microstructure is imper-
ative.

The more detailed quantitative description of a polymer system can be
achieved by extending the set of parameters by whose values the individual mac-
romolecules are distinguished, the wider is the range of macroscopic properties
of the system that it is possible to predict. The last circumstance is associated
with the fact that the primary structure of macromolecules carries specific in-
formation on their possible conformations, secondary and supermolecular
structures and, consequently, on their physical properties. The task of revealing
quantitative correlations between these properties and the characteristics of a
macromolecule primary structure which fall within the realms of statistical
physics of polymers constitutes one of the three challenging problems whose so-
lution is indispensable for scientifically grounded prediction in obtaining poly-
mers with a desired set of properties. The second task, relevant to chemical ki-
netics of macromolecular reactions, consists in establishing the mechanism and
measuring constants of elementary reactions of the processes of polymer syn-
thesis. Once this problem has been solved, it becomes possible, in the framework
of an adequately chosen kinetic model, to find quantitative dependencies of sta-
tistical characteristics of the primary polymer structure on the reactivities of the
initial compounds and the synthesis conditions. Only this third problem, per-
taining to the statistical chemistry of polymers, will be addressed in this review.

The simplest, from the viewpoint of topological structure, are the linear pol-
ymers. Depending on the number m of the types of monomeric units they dif-
ferentiate homopolymers (m=1) and copolymers (m≥2). In the most trivial case
molecules in a homopolymer are merely identified by the number l of monomer-
ic units involved, whereas the composition of a copolymer macromolecule is de-
fined by vector l with components l1,…,lα,…,lm equal to the numbers of mono-
meric units of each type. At identical composition these molecules can vary in
microstructure which is characterized by the manner of alternation of different
units in a copolymer chain. Because the values of the average degree of polym-
erization l=l1+…+lm in synthetic copolymers normally constitute 102–104 it be-
comes clear that the number of conceivable types of isomers with different
microstructure turns out to be practically infinite. Naturally, a quantitative de-
scription of any polymer specimen comprising macromolecules with such an
impressive number of configurations can be performed exclusively by statistical
methods.

In terms of a statistical approach to every macromolecule of a copolymer
specimen there can be put in correspondence a certain realization of a stochastic
process of conventional movement along a copolymer chain. This movement
can be conveniently thought of as a sequence of random transitions from a unit
of the chain to the neighboring one. Here the probability of finding a monomeric
unit of a particular type at every step is predetermined by the stochastic process
which describes the particular polymer specimen. To consider the set of trajec-
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tories corresponding to realizations of infinite length it is convenient to presume
that upon reaching the terminal unit of a molecule the trajectory falls into the
absorbing state to remain there from this moment on. Hence, for each particular
specimen of a linear copolymer with m types of units, there is a corresponding
stochastic process with a discrete time, which has an m transient and one ab-
sorbing state. A stochastic process of such a kind in discrete time with discrete
state-space is referred to as a chain. The best known of these are the Markov
chains [1] for which the probability ναβ to fall at any step into a state whose type
is β is controlled solely by the type α of the state at the preceding step.

Only if the attempt to formulate a general algorithm to find the probability of
any trajectory of the above stochastic process is a success, the statistical descrip-
tion of a copolymer specimen is considered to be exhaustive. For those copoly-
mers where the alternation of units in the macromolecules is described by the
Markov chain such an algorithm is trivial. Therefore, proceeding from the gen-
eral theory it is possible to determine immediately any statistical characteristics
of Markovian copolymers expressed through the elements ναβ of the probability
transition matrix of the corresponding Markov chain. Essentially, any special
features of particular processes of the synthesis of such copolymers are only tak-
en into account when the dependence of matrix elements ναβ  on time as well as
on the stoichiometric and kinetic parameters of a reaction system have to be de-
termined. Thus, the problem of mathematical modeling of the chemical struc-
ture of the products of the synthesis of copolymers which obey Markovian sta-
tistics proves to be quite trivial. That is why it is of prime importance for an en-
gineer researcher to know already at the stage of choosing an adequate kinetic
model of a particular process of obtaining a copolymer whether the latter will be
Markovian. This question has already been answered for many cases of practical
significance [2].

What kind of strategy should be adopted for the mathematical modeling of
non-Markovian copolymers where the algorithm of finding the probability of
any individual macromolecule is unknown? In this situation it is necessary to
determine the statistical characteristics of the chemical structure of a polymer
specimen for each specific method of its synthesis in the framework of the kinet-
ic model chosen. These characteristics can be subdivided into two types. Those
belonging to the first type describe the inhomogeneity of macromolecules for
degree of polymerization l (chemical size) and/or composition, while the second
type of characteristics gives an account of the arrangement of monomeric units
in copolymer chains.

Characteristics of the first type include the weight size composition distribu-
tion (SCD) ƒW(l) which equals the probability for a unit chosen at random to be-
long to a macromolecule with given value of vector l. Knowledge of this distri-
bution is essential for the construction of the phase diagram of a solution or melt
of a copolymer [3]; this diagram is of critical importance for predicting some of
the properties of the copoymer, e.g. the transparency. The loss of the latter dur-
ing the synthesis may occur due to the phase separation in the reaction system
induced by chemical transformations. Such a phenomenon is caused by the rise
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in molecular inhomogeneity of a copolymer formed at high conversions. This
assertion has rigorous theoretical substantiation [3, 4].

When dealing with high molecular weight polymers it is convenient instead
of l to introduce the composition vector ζ with components ζα=lα/l(α=1,…,m)
which, in combination with the chemical size l, is completely equivalent to l. For
such copolymers the variables l and ζα may be thought of as continuous and re-
course can be made to a expression which relates SCD fW(l) to the size distribu-
tion (SD) fW(l) and the composition distribution (CD) W(ζl) of macromole-
cules of given size l.

(1)

Applying a chromatographic method it is sometimes possible to separate co-
polymer molecules according to their size l and composition [5]. The SCD found
in such a way can be compared with that calculated within the framework of the
chosen kinetic model. The first- and second-order statistical moments of SCD
are of special importance.

(2)

(3)

For example, the enthalpy of mixing of copolymer specimen ∆H per mole of
monomeric units can be expressed

(4)

through the elements λαβ (3) of the covariance matrix λ of its SCD and the Flory
χ-parameters, values of which χαβ are available from the literature for many
pairs of monomeric units ( α, β) (see, for example, [6]).

Statistical characteristics of the second type define the microstructure of co-
polymer chains. The best known characteristics in this category are the frac-
tions P{Uk} (probabilities) of sequences {Uk} involving k monomeric units. The
simplest among them are the dyads {U2}, the complete set of which, for example,
for a binary copolymer is composed of four pairs of monomeric units

1 1, 1 2, 2 1, 2 2. The number of the types of k-ad in chains of m-
component copolymers grows exponentially as mk so that with practical pur-
poses in mind it is generally enough to restrict the consideration to sequences
{Uk} with moderate values of k. Their calculation turns out to be rather useful
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when carrying out mathematical modeling of the copolymerization processes
for two reasons.

Firstly, some of the important characteristics of the performance properties of
copolymers can be expressed through the fractions of these sequences. So, for ex-
ample, dealing with copolymers they normally make extensive use of semiempiri-
cal relationships relating the glass transition temperature, Tg, with the fractions of
dyads P{ α β} in macromolecules [7]. The simplest of such relationships reads:

(5)

where Tαα and Tαβ (α≠β) are, respectively, the glass transition temperature of a
homopolymer with units α and a regular alternating binary copolymer con-
taining units α and β . Secondly, the probabilities P{Uk} can be determined
for k=2–4 with high accuracy by means of spectroscopic methods [8, 9]. A com-
parison of these experimental data with the results of mathematical modeling
performed in the framework of the chosen kinetic model allows conclusions to
be drawn about its adequacy for the description of the process of interest.

As well as the isomerism of copolymers that is due to differences in fashions
of alternation of monomeric units along their chains, other types of isomerism
exist [10]. These latter can show up even in homopolymer molecules provided
several ways are conceivable for a monomer to enter into a polymer chain in the
course of its propagation. So, asymmetric monomeric units can be arranged in
macromolecules following “head-to-tail” or “head-to-head” - “tail-to-tail” pat-
terns. As well as such a structural isomerism, in certain polymers there is also a
possibility of stereoisomerism. Some isomers are known to vary substantially in
their service properties. This circumstance should always be allowed for when
selecting an appropriate kinetic model of polymerization. Ways to do this are
analogous to that considered above with the only distinction being a more gen-
eral specification of the set of transient states of the stochastic process of conven-
tional movement along a polymer chain.

Frequently, the microstructure of polymer chains can be conveniently char-
acterized by parameters representing some combinations of probabilities P{Uk}
rather than by the probabilities themselves. For a binary copolymer it is suggest-
ed [11] that as such a parameter the microheterogeneity coefficient KM=
P{ 1 2}/P{ 1}P{ 2} is employed. In the case of copolymers comprising long
blocks of both monomeric units the value of KM is close to zero, whereas for a
regularly alternating copolymer KM=2. Between these two extreme cases, corre-
sponding to absolutely ordered arrangement of monomeric units in copolymer
macromolecules, there lay all possible values of the microheterogeneity coeffi-
cient. To the most disordered arrangement of units, characterized by the Ber-
noullian random process, the value KM=1 corresponds. Consequently, proceed-
ing from the absolute value of the deviation of KM from unity it is possible to
make a conclusion about the degree of ordering of sequence distribution in
chains of binary copolymers. On the other hand the direction of such a deviation
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testifies to the tendency of monomeric units either to regular alternation (if
KM>1) or to the formation of long blocks of both types of units (if KM<1).

The microheterogeneity coefficient was introduced only for the description of
the microstructure of binary copolymers with symmetric units. At increased
number of unit types and/or when account is taken of structural isomerism, the
role of KM will be performed by other parameters analogous to it. A general
strategy for the choice of these latter has been elaborated in detail [12], while
their values have been measured via NMR spectroscopic techniques for a variety
of polycondensation polymers [13].

It should be emphasized that for Markovian copolymers a knowledge of the
values of structural parameters of such a kind will suffice to find the probability
of any sequence {Uk}, i.e. for an exhaustive description of the microstructure of
the chains of these copolymers with a given average composition. As for the
composition distribution of Markovian copolymers, this obeys for any fraction
of l-mers the Gaussian formula whose covariance matrix elements are Dαβ/l
where Dαβ depend solely on the values of structural parameters [2]. The calcu-
lation of their dependence on time, and the stoichiometric and kinetic parame-
ters of the reaction system permits a complete statistical description of the
chemical structure of Markovian copolymers to be accomplished. The above
reasoning reveals to which extent the mathematical modeling of the processes of
the copolymer synthesis is easier to perform provided the alternation of units in
macromolecules is known to obey Markovian statistics.

One more quantitative way to characterize the chemical structure of copoly-
mers is based on the consideration of chemical correlation functions (correla-
tors) [2]. The simplest of these, Yαβ(k), describes the joint probability of finding
two randomly chosen monomeric units divided along the macromolecule by an
arbitrary sequence Uk:

(6)

The correlator (6) is of the utmost importance because its generating function
enters into an expression which describes the angular dependence of intensity
of scattering of light or neutrons [3]. It is natural to extend expression (6) for the
two-point chemical correlation function by introducing the n-point correlator
Y (k1…,kn–1) which equals the joint probability of finding in a macromol-
ecule n monomeric units divided by (n–1) arbitrary sequences

 comprising k1,…,kn–1 units, respectively [14]. Generating func-
tions of such correlators play a key role in the theory of microphase separation
and in the statistical thermodynamics of block copolymers [3].
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2
Peculiarities of the Description of Branched Polymers

Up to this point only polymers of linear structure have been addressed. Howev-
er, a great many polymers exist whose molecules exhibit other topological con-
figurations. The best known of these are comb-like, star-like, tree-like and net-
work polymers. An inherent feature of all of them is the presence of branching
units and polymer chains adjacent to them. Any molecule of such polymers may
be depicted as a molecular graph with vertices and edges corresponding, respec-
tively, to branching units and polymer chains. If these latter contain monomeric
units of identical type they can be marked by assigning to every edge of a molec-
ular graph the number equal to the length of the corresponding chain. To each
macromolecule of a branched or crosslinked homopolymer there is a corre-
sponding marked molecular graph, whereas a macroscopic polymer specimen
is represented by an ensemble of such graphs. An exhaustive statistical descrip-
tion of this specimen can be realized by specifying the probability measure on
the set of marked molecular graphs. For star-like and comb-like polymers find-
ing the above probability distribution is not a matter of serious concern because
the topology of their molecules is fixed. A completely different situation occurs
for statistically branched tree-like and crosslinked polymers where the topology
of molecules is stochastic. When calculating average geometrical sizes of macro-
molecules of such polymers, their optical properties, viscosity and other char-
acteristics, it is necessary to perform an averaging over the topological configu-
rations of the macromolecules.

An attempt to construct the probability measure on a set of such configura-
tions has been successful for some classes of statistically branched polymers
whose molecules do not comprise cycles. For each of them there is a correspond-
ing molecular graph, referred to as a tree, while for a polymer specimen as a
whole there is a set of such trees, which has been designated as a molecular for-
est. The latter may be transformed into a forest of rooted trees which are ob-
tained from molecular unrooted trees by means of the successive choice of every
vertex as a root. Such a transformation retains the probability measure, so that
the only characteristic to determine is the probability distribution of the rooted
trees. Each of them may, in turn, be envisaged as a genealogical tree, describing
the history of a family or some realization of a stochastic branching process of
birth and death of particles. The most simple of these is the Galton-Watson proc-
ess, where the probability distribution for a particle to give birth to a certain
number of descendants is the same for every generation and does not depend on
other particles. Gordon was the first [15] to discover that for some polyconden-
sation branched polymers (which will be referred to here as Gordonian poly-
mers) the probability distribution of rooted trees is characterized by the proba-
bility measure on a set of genealogical trees which are realizations of the Galton-
Watson branching process. The theory of these stochastic processes has been
elaborated in minute detail [16]. This enables any statistical characteristics of a
Gordonian polymer to be expressed in a relatively easy way through the proba-
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bility parameters of the corresponding branching processes. The only thing that
remains to be established is the dependency of these parameters on time, on the
constants of the elementary reactions and on the composition of the initial mon-
omer mixture. Equations which permit the determination of these dependencies
have been derived for a variety of Gordonian polymers [2]. The niche these latter
occupy among statistically branched polymers obviously resembles that of
Markovian copolymers among linear copolymers.

A simple algorithm [17] makes it possible to find the probability of any frag-
ment of macromolecules of Gordonian polymers. Comparison of these proba-
bilities with the data obtained by NMR spectroscopy provides the possibility to
evaluate the adequacy of a chosen kinetic model of a synthesis process of a par-
ticular polymer specimen. The above-mentioned probabilities are also involved
in the expressions for the glass transition temperature and some structure-ad-
ditive properties of branched polymers [18, 19].

One special feature of the process of branched polymer formation is the pos-
sibility of the appearance in the reaction system of a macromolecule whose size
is comparable with that of the reactor. The specificity of such a phenomenon,
termed gelation, consists in the fact that the conversion range in which a drastic
rise in viscosity takes place is very narrow. This gives grounds to deem that ge-
lation occurs at a certain instant, called the gel-point. A later gradual increase in
the weight fraction of gel ωg takes place in the course of the process accompa-
nied by a simultaneous decrease in the weight fraction of sol molecules ωs. Tasks
of crucial importance for the mathematical modeling of branched polymeriza-
tion and polycondensation, as well as that of the processes of crosslinking of lin-
ear macromolecules, are the calculation of the gel-point and the determination
of the dependence of ωg=1–ωs on time. If monomeric units of several types are
involved in the process it is necessary to determine analogous dependencies for
composition of sol and gel. The latter represents a polymer network showing
elastic properties. In line with current theoretical concepts [20], the elasticity
modulus of this network is described by the cyclic rank of its molecular graph.
It is equal, by definition, to the minimum number of edges that need to be re-
moved to transform this cyclic graph into a tree-like one. Obviously, the deter-
mination of cyclic rank, pertaining to the global characteristics of the topologi-
cal structure of the polymer network, constitutes one of the major challenges of
mathematical modeling of network formation processes. This problem, like all
the above-mentioned ones which are connected with the calculation of statisti-
cal characteristics of Gordonian polymers, can be solved using the mathematical
apparatus of the theory of branching processes [2, 17, 21].

3
Kinetic Models of Macromolecular Reactions

When deriving material balance equations the rate of each component transfor-
mation in the reactor obeys the law of mass action. However, as distinct from the
reactions with participation of exclusively low molecular weight substances, the
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number of such components in a polymer system and, consequently, the
number of equations for them is practically infinite. The same is true for the con-
stants of the rate of the reactions between individual components. The calcula-
tion of such a system becomes possible due to the general principle which un-
derlies the description of the kinetics of many macromolecular reactions. It will
be discussed in more detail below.

The processes of formation and chemical modification of polymer molecules
are known to proceed as a result of chemical reactions of their reactive centers.
The role of these latter can be performed by functional groups, free valence in
radicals, double bonds and so on. Often the reactivity of the reactive center in a
polymer molecule can be believed to be independent of its configuration (i.e.,
molecular weight, composition, chemical structure) as well as of the location of
this center inside a macromolecule. This fundamental principle, put forward by
Flory [22] and bearing his name, permits the use of the single rate constant of
the elementary reaction of any pair of reactive centers of a particular type. The
number of such elementary reactions in a polymer synthesis process is normally
small enough to make it possible to characterize it using only a few rate con-
stants. Thus, for instance, free-radical polymerization may be characterized by
the rate constants of the elementary reactions of the initiation, propagation, ter-
mination and chain transfer.

The Flory principle allows a simple relationship between the rate constants of
macromolecular reactions (whose number is infinite) with the corresponding
rate constants of elementary reactions. According to this principle all chemically
identical reactive centers are kinetically indistinguishable, so that the rate con-
stant of the reaction between any two molecules is proportional to that of the el-
ementary reaction between their reactive centers and to the numbers of these
centers in reacting molecules. Therefore, the material balance equations will
comprise as kinetic parameters the rate constants of only elementary reactions
whose number is normally rather small.

The Flory principle is one of two assumptions underlying an ideal kinetic
model of any process of the synthesis or chemical modification of polymers. The
second assumption is associated with ignoring any reactions between reactive
centers belonging to one and the same molecule. Clearly, in the absence of such
intramolecular reactions, molecular graphs of all the components of a reaction
system will contain no cycles. The last affirmation concerns sol molecules only.
As for the gel the cyclization reaction between reactive centers of a polymer net-
work is quite admissible in the framework of an ideal model.

The Flory principle, whose validity has been verified for a wide range of mac-
romolecular reactions, is a good approximation for the description of the kinet-
ics of many processes of polymer preparation. However, strong experimental ev-
idence for the violation of this principle is currently available from the study of
a number of macromolecular reactions. Possible reasons for such a violation
may be connected with either short-range or long-range effects.

To the first of these pertain steric, inductive, catalytic or other effects respon-
sible for the influence of reacted centers on the reactivity of neighboring centers
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of the same molecule. To take such substitution effects into account it has been
suggested [2] to resort to the extended Flory principle. In accordance with the
latter the reactivity of any reactive center depends exclusively on the local chem-
ical structure of the fragment of the molecule containing this center, and it un-
dergoes changes in the course of the process due to the evolution of this local
structure induced by entering into the reaction of neighboring reactive centers.
The influence of other factors on the reactivity is supposed here to be negligible.
Within the framework of models of such a kind it has been suggested that small
fragments of a molecule comprising the reactive centres should be chosen as ki-
netically independent elements, rather than these centres themselves (as is cus-
tomary for the case of the ideal model). Using such an approach, generally ap-
plied for mathematical modeling of the processes of copolymerization, copoly-
condensation and polymer-analogous transformation, the number of parame-
ters of a kinetic model still remains reasonable.

The specificity of the polymer nature of the reagents is the most strongly pro-
nounced in the long-range effects where the reactivity of a reactive center is af-
fected by the fragments positioned all over the molecule. Here mention should
be made of intramolecular catalysis by functional groups spaced apart from the
reactive center along the macromolecule but falling into its vicinity by virtue of
the spatial conformational rearrangements of the polymer chain. The reactivity
of its terminal reactive center under such effects may be controlled by the degree
of polymerization of this macromolecule and the distribution along it of units
containing catalytic groups. In case of fast reactions, like the recombination of
macroradicals, the dependence of the rate constant on their lengths is governed
by diffusion factors. Thermodynamic factors may also be responsible for the de-
pendence of the rate of chemical reactions of macroradicals or macromolecules
with low molecular weight compounds on their length and composition. The
reason for such an effect has to do with the distinction of concentrations of low
molecular weight reagents inside and outside the polymer chain due to prefer-
ential sorption of these reagents inside the polymer coil or globula. Although the
allowance for long-range effects in the kinetic model makes the calculations far
more complicated, this is sometimes quite indispensable in order to interpret
some nontrivial effects revealed experimentally.

4
Methods of Calculation

When calculating the statistical characteristics of the primary structure of mac-
romolecules, there is a need to tackle the problems of finding their average mo-
lecular weight, composition, molecular-weight and size-composition distribu-
tion as well as microstructural characteristics. To cope with this task two differ-
ent approaches are applied: kinetic and statistical. The first approach implies
setting up and solving the material balance equations for the concentrations of
molecules of all types involved in the process of interest. Under the second ap-
proach every macromolecule is thought of as an individual realization of a par-
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ticular stochastic process of conventional movement along the polymer chain.
The probability of this realization equals the fraction of corresponding mole-
cules among all those present in the reactor.

The statistical as well as the kinetic method of calculation of the parameters
of the primary structure of polymers has advantages and disadvantages. The sta-
tistical method for the quantitative description of the products of macromolecu-
lar reactions was introduced more than fifty years ago by Flory [22] and since
then it is widely recognized in the mathematical modeling of a variety of proc-
esses of synthesis and chemical modifications of polymers. The indisputable ad-
vantage of a statistical method consists of its ability to use a simple mathematical
formalism to describe exhaustively the chemical structure of macromolecules in
terms of just a few probability parameters. However the choice of an appropriate
stochastic process for the probabilistic description of the specimen obtained un-
der particular synthesis conditions cannot be made in principle within the
framework of a very statistical method. Such a problem can be settled only by
means of a kinetic approach. Moreover, recourse to the latter makes it possible
to express the probability parameters of this stochastic process through the rate
constants, concentrations of the reagents and other quantities characterizing the
reaction system.

The kinetic method was found to be especially advantageous for mathemati-
cal modeling of the polymerization or polycondensation processes, described by
the ideal kinetic model. In this case the material balance equations for the con-
centrations of the polymer molecules with a specified numbers of monomeric
units and reactive centers may often be integrated analytically via the method of
generating functions [2]. Such a function is entirely equivalent to the distribu-
tion of concentrations of molecules for size, composition and functionality.
These concentrations are obtainable as coefficients of the expansion of generat-
ing function into power series. Recourse to this function is especially appealing
if it is necessary to calculate statistical moments of the above distribution, which
can be expressed through the derivatives of generating function at one point,
namely, when the value of all its arguments is unity. An infinite set of ordinary
differential equations for the distribution of concentrations of polymer mole-
cules in the case of an ideal kinetic model is reducible to a single equation for
generating function. This will be an ordinary differential equation or a first-or-
der partial differential equation depending on whether polymers formed in the
course of the synthesis process are linear or branched, respectively. The coeffi-
cients of this equation are controlled along with the rate constants of elementary
reactions also by average concentrations of reactive centers and low molecular
weight reagents. These concentrations can be found from the solution of a set of
ordinary differential equations which is always closed provided the ideal kinetic
model is applicable. In the framework of this model the elementary reactions
can be considered separately from the reactions with participation of macro-
molecules. In many cases of practical interest partial differential equation for
generating function can be integrated analytically using the method of charac-
teristics.
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When there is a need to calculate only the statistical moments of the distribu-
tion of molecules for size and composition, rather than to find the very distribu-
tion, the task becomes essentially easier. The fact is that for the processes of pol-
ymer synthesis which may be described by the ideal kinetic model the set of
equations for the statistical moments is always closed.

This closure property is also inherent to a set of differential equations for ar-
bitrary sequences {Uk} in macromolecules of linear copolymers as well as for
analogous fragments in branched polymers. Hence, in principle, the kinetic
method enables the determination of statistical characteristics of the chemical
structure of noncyclic polymers, provided the Flory principle holds for all the
chemical reactions involved in their synthesis. It is essential here that the Flory
principle is meant not in its original version but in the extended one [2]. Hence
under mathematical modeling the employment of the kinetic models of macro-
molecular reactions where the violation of ideality is connected only with the
short-range effects will not create new fundamental problems as compared with
ideal models.

Another kind of situation arises when it is necessary to take into account the
long-range effects. Here, as a rule, attempts to obtain analytical results have not
met with success. Unlike the case of the ideal model the equations for statistical
moments of distribution of polymers for size and composition as well as for the
fractions of the fragments of macromolecules turn out normally to be unclosed.
Consequently, to determine the above statistical characteristics, the necessity
arises for a numerical solution to the material balance equations for the concen-
tration of molecules with a fixed number of monomeric units and reactive cent-
ers. The difficulties in solving the infinite set of ordinary differential equations
emerging here can be obviated by switching from discrete variables, character-
izing macromolecule size and composition, to continuous ones. In this case the
mathematical problem may be reduced to the solution of one or several partial
differential equations.

Traditionally, to calculate the different characteristics of the molecular struc-
ture of polymers in macromolecular chemistry, a statistical approach has been
used. In line with the most general formulation of this approach to a set of pol-
ymer molecules in a particular ensemble it has been suggested that a statistically
equivalent set of realizations of a certain stochastic process be placed in corre-
spondence. Instead of averaging over the ensemble of molecules for the calcula-
tion of statistical characteristics of a polymer an analogous averaging was rec-
ommended to perform over realizations of the corresponding stochastic proc-
ess. Methods of such averaging have been thoroughly elaborated for some sto-
chastic processes. That is why the procedure of finding the statistical character-
istics of the chemical structure of Markovian and Gordonian polymers is a rela-
tively easy task.

For a number of copolymers, whose kinetics of formation is described by no-
nideal models, the statistics of alternation of monomeric units in macromole-
cules cannot be characterized by a Markov chain; however, it may be reduced to
the extended Markov chain provided that units apart from their chemical nature
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are differentiated by some additional attributes. These latter can vary for differ-
ent kinetic models. Thus, for instance, in the penultimate model of free-radical
copolymerization [23] such an attribute is the type of preceding unit. One more
type of extended Markov chain characterizes the sequence distribution in prod-
ucts of complex-radical copolymerization [24].

To calculate the  characteristics of a copolymer chemical structure in the cases
discussed above using a statistical method, the following strategy can be adopt-
ed. Firstly, it is necessary to change from an ordinary (non-Markovian!) chain to
the extended one, marking monomeric units by labels in accordance with a cer-
tain attribute. Thereafter, because the extended chain is Markovian, it is possible
to derive the expressions for the statistical characteristics of the ensemble of
macromolecules with labeled units. To eliminate superfluous information con-
tained in these expressions, one should “erase” the labels which the monomeric
units were marked with. The erasing procedure implies here the summing of the
derived expressions over corresponding indices, characterizing the state of a
monomeric unit of fixed chemical structure. This procedure is conditioned by
the fact that every state of an ordinary chain is actually the sum of several states
of the extended Markov chain over which the mentioned summing is carried
out.

Under current treatment of statistical method a set of the states of the Mark-
ovian stochastic process describing the ensemble of macromolecules with la-
beled units can be not only discrete but also continuous. So, for instance, when
the description of the products of “living” anionic copolymerization is per-
formed within the framework of a terminal model the role of the label charac-
terizing the state of a monomeric unit is played by the moment when this unit
forms in the course of a macroradical growth [25].

The above reasoning concerning the statistical method may also be extended
to statistically branched polymers. Very often, when their formation occurs un-
der the condition of the applicability of the ideal kinetic model, it is possible to
calculate the characteristics of the molecular structure of such Gordonian poly-
mers proceeding from the equations of the Galton-Watson branching process.
The role of reproducing particles for this stochastic process in the case of poly-
condensation polymers is performed by reacted functional groups of different
types. Within the framework of kinetic models allowing for the “substitution ef-
fect” these groups should, generally speaking, be discriminated on the basis of
both the instant of their entering into the reaction and the instantaneous config-
uration of a monomeric unit to which this group pertains [26]. The probability
measure on the set of sol molecules which are formed during such a branched
polycondensation of monomers with kinetically dependent functional groups,
instead of the Galton-Watson process, will be specified by the general branching
process. The latter is defined as a certain extended Markovian random process
whose mathematical theory is now sufficiently developed [16].

It should be pointed out that the employment of the statistical method in all
its versions is, in essence, of a purely formal character. The expressions for sta-
tistical characteristics of polymers are traditionally obtained via speculative
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probabilistic considerations whose correctness is to a great extent predeter-
mined by the author’s scientific intuition. Naturally, remaining within the
framework of such a formal statistical approach, it is impossible in principle to
establish a rigorous correspondence between a kinetic model of the reactions of
polymer synthesis and the type of stochastic process which adequately describes
the statistical characteristics of macromolecules formed. This is the reason why
the question concerning the areas of applicability of a statistical approach often
remains unanswered. With this in mind a general concept has been developed
[2] consisting in a rigorous (in the framework of models generally accepted to-
day in polymer chemistry) substantiation of the statistical method for a variety
of classes of the processes of polymer synthesis on the basis of their kinetic con-
sideration. The expressions for the distribution of macromolecules for size and
composition arrived at by means of such a consideration are compared with
analogous ones but derived proceeding from the theory of stochastic processes.
The coincidence of the expressions for these distributions testifies to the correct-
ness of the chosen version of the statistical approach. Under such a comparison
the dependencies are simultaneously established of probability parameters of a
stochastic process on stoichiometric and kinetic parameters of the reaction sys-
tem. Then the statistical characteristics of interest, prescribed by the structure
of polymer molecules, can be calculated by the statistical method. This general
concept has been adopted for mathematical modeling of different classes of pol-
ymers [2, 27, 28].

In subsequent sections some results will be reported relevant to the theoreti-
cal consideration of several principle processes of the synthesis of polymers de-
scribed by various kinetic models. This information may be useful in gaining a
better understanding of the potentialities of the statistical chemistry of poly-
mers.

5
Chain Polymerization

The role of reactive centers is performed here by free radicals or ions whose re-
action with double bonds in monomer molecules leads to the growth of a poly-
mer chain. The time of its formation may be either essentially less than that of
monomer consumption or comparable with it. The first case takes place in the
processes of free-radical polymerization whereas the second one is peculiar to
the processes of “living” anionic polymerization. The distinction between these
two cases is the most greatly pronounced under copolymerization of two and
more monomers when the change in their concentrations over the course of the
synthesis induces chemical inhomogeneity of the products formed not only for
size but for composition as well.

An individual approach has been developed which provides a quantitative
description of living free-radical copolymerizations which are presently of ut-
most academic and industrial interest (see, for example, [29–31] and references
cited therein). A feature peculiar to these processes is the stepwise growth of a
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macromolecule. Every step represents here an elementary chain formed at some
invariable monomer mixture composition. As for the polymer chain this is com-
posed of a random number of elementary chains formed at different times. Ev-
idently, the statistical analysis of the ensemble of such polymer chains [32]
presents a far more complex theoretical problem when compared with both tra-
ditional free-radical copolymerization and anionic copolymerization. The con-
sideration of living free-radical copolymerization is beyond the scope of the
present review.

5.1
Free-Radical Copolymerization

Monomer concentrations Mα(α=1,...,m) in a reaction system have no time to al-
ter during the period of formation of every macromolecule so that the propaga-
tion of any copolymer chain occurs under fixed external conditions. This per-
mits one to calculate the statistical characteristics of the products of copolymer-
ization under specified values {Mα} and then to average all these “instantaneous”
characteristics with allowance for the drift of monomer concentrations during
the synthesis. Such a two-stage procedure of calculation, where first statistical
problems are solved before dealing with dynamic ones, is exclusively predeter-
mined by the very specificity of free-radical copolymerization and does not de-
pend on the kinetic model chosen. The latter gives the explicit dependencies of
the “instantaneous” statistical characteristics on monomers’ concentrations and
the rate constants of the elementary reactions.

5.1.1
Ideal (Ultimate) Model

In the framework of this ultimate model [33] there are m2 constants of the rate
of the chain propagation kαβ describing the addition of monomer Mβ to the rad-
ical Rα whose reactivity is controlled solely by the type α of its terminal unit. El-
ementary reactions of chain termination due to chemical interaction of radicals
Rα and Rβ is characterized by m2 kinetic parameters kt

αβ. The stochastic process
describing macromolecules, formed at any moment in time t, is a Markov chain
with transition matrix whose elements are expressed through the concentra-
tions Rα and Mα of radicals and monomers at this particular moment in the fol-
lowing way [1, 34]:
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When calculating the average copolymer composition and the probabilities
P{Uk} of the sequences of monomeric units it is possible to set Tα=0 in the ex-
pressions in (7), that is to neglect the finiteness of the size of the macromole-
cules. In this case the absorbing Markov chain (7) is replaced by the ergodic
Markov chain with transition matrix Q whose elements:

(8)

are governed along with molar fractions xα of monomers in the reaction system
only by the values of the the reactivity ratios rαβ.

These latter have been tabulated for a great many pairs (Mα,Mβ) of particular
monomers [35]. This circumstance offers in many cases an opportunity to carry
out the calculation of statistical characteristics of the products of multicompo-
nent copolymerization without the need for additional experiments to deter-
mine the  kinetic parameters of the model.

The instantaneous composition of a copolymer X formed at a monomer mix-
ture composition x coincides, provided the ideal model is applicable, with sta-
tionary vector π of matrix Q with the elements (8). The mathematical apparatus
of the theory of Markov chains permits immediately one to wright out of the ex-
pression for the probability of any sequence P{Uk} in macromolecules formed at
given x. This provides an exhaustive solution to the problem of sequence distri-
bution for copolymers synthesized at initial conversions p<<1 when the mono-
mer mixture composition x has had no time to deviate noticeably from its initial
value x0. As for the high-conversion copolymerization products they evidently
represent a mixture of Markovian copolymers prepared at different times, i.e.
under different concentrations of monomers in the reaction system. Conse-
quently, in order to calculate the probability of a certain sequence Uk, it is nec-
essary to average its instantaneous value P{Uk} over all conversions p´ preceding
the conversion p up to which the synthesis was conducted.

(9)

Because the dependence of probability P{Uk} on x should be established by
means of the theory of Markov chains, in order to make such an averaging it is
necessary to know how the monomer mixture composition drifts with conver-
sion. This kind of information is available [2, 27] from the solution of the follow-
ing set of differential equations:

(10)

which should be found under the initial condition x=x0 at p=0.
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Noteworthy, when calculating composition and sequence distribution in co-
polymers, only the knowledge of the reactivity ratio rαβ which characterizes
chain propagation reactions is imperative. However these kinetic parameters
turn out to be insufficient to determine the SCD which, according to
expression (1), represents the product of two distributions. The first of them, SD,
is controlled, along with the initial concentrations of the monomers and the in-
itiator, also by the rate constants of all the elementary reactions of initiation,
propagation, termination and chain transfer. The second distribution, CD, at
any fixed composition of monomer mixture x is defined by the Gauss formula
with the center X and covariance matrix having elements Dαβ/l. The quantities
Χα and Dαβ are governed exclusively by x and the reactivity ratios {rαβ}. De-
pendence on these parameters has been established [2, 27] for the copolymeri-
zation of an arbitrary number of monomer types m proceeding from the theory
of the ergodic Markov chains with transition matrix (8). To describe the phase
behavior of melts of such ergodic copolymers, a phase diagram was constructed
and its dependence on thermodynamic and structural parameters analyzed [4].

The composition inhomogeneity of ergodic copolymers, which are the prod-
ucts of low-conversion copolymerization, is predetermined only by the stochas-
tic character of the addition of monomers to the growing macroradical, since the
concentration of monomers during its lifetime remains practically constant. In
parallel with this instantaneous component of the composition inhomogeneity
there exists another induced by the drift of composition of monomers in the
course of the synthesis. The second component of the CD, referred to as the con-
versional component, is known to make a far more substantial contribution in
comparison with the first component to composition inhomogeneity of the
products of high-conversion copolymerization. This is due to the fact that the el-
ements of composition covariance matrix characterizing the width of instanta-
neous Gaussian distribution are reciprocal to size l of macromolecules. Within
the limit l→∞ the instantaneous component of composition distribution can be
completely neglected, unlike its conversional component. Mathematically this
means that the distribution W(l/ζ) (1) does not depend on l and is equal to the
Dirak delta-function δ(ζ–X) which is distinct from zero only at ζ=X. In other
words all macromolecules formed under fixed monomer mixture composition x
should have identical composition X. Within the framework of this approxima-
tion the CD of the copolymerization products, present in the reaction system
under conversion p, is not controlled by l and is prescribed apart from the sto-
ichiometry of the initial monomer mixture x0 only by the value of the reactivity
ratios {rαβ}. Since these products represent a mixture of Markovian copolymers,
their CD <W(l/ζ)> can be obtained, in line with formula (9), by averaging the
instantaneous CD over conversions p´<p. In practice it is quite sufficient to use
the set of one-dimensional partial distributions of each α-th component 
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where the sum is over those values of conversion p=p´ at which the component
Xα of instantaneous copolymer composition vector X is equal to ζα. Knowing
the solution x(p) of Eq. (10) it becomes possible to find, proceeding from the
known dependence of X on x, distribution (11), as well as the elements of covar-
iance matrix of the m-component copolymer

(12)

obtained at arbitrary values of conversion p. The only kinetic parameters which
must be known for the determination of the above-mentioned statistical charac-
teristics of a copolymer are the values of the reactivity ratios {rαβ}.

Of major interest in practice are copolymers prepared under high conver-
sions. They represent a mixture of Markovian copolymers formed under differ-
ent conditions. To calculate the statistical characteristics of these mixtures the
averaging (9, 11) should be carried out of their instantaneous values over con-
versions. The results of such an averaging strongly depend on the character of
the evolution of monomer mixture composition during the synthesis. This evo-
lution is described by the solutions of the set of Eqs. (10). To every such a solu-
tion under m-component copolymerization a trajectory x(p) corresponds inside
the m-simplex x1+…+xm=1which is an interval of unit length (m=2), equilateral
triangle (m=3), regular tetrahedron (m=4) and so on. The trajectory x(p) begins
at the point x(0)=x0 and terminates at the point x(1)=x*, termed attractor. Vec-
tor x* may either have all components but one equal to zero, i.e. correspond to a
homopolymer, or have more than one non-zero component corresponding to
the azeotropic copolymer. Its instantaneous composition X does not alter with
conversion and coincides with the monomer mixture composition x. At certain
sets of kinetic parameters {rαβ} a system may have several attractors. Each of
them possesses its own basin of attraction; if the initial point of the trajectory
falls within this basin, this ensures the termination of the latter just in this very
attractor. If two initial compositions of monomer mixture positioned close to
one another within the m-simplex are selected, but which fall into the basins of
attraction of different attractors, then the copolymer specimens obtained under
complete conversion will have practically identical average compositions but
will differ markedly in their composition distribution. The reason for such a dis-
crepancy should be attributed to the qualitatively distinct character of the evo-
lution with conversion of instantaneous copolymer composition X which is re-
sponsible for the shape of this distribution (11). The latter may be narrow in one
of the specimens and wide in the other.

Such a distinction in composition inhomogeneity of the copolymers may have
caused the variation in transparency which was observed experimentally by Sloco-
mbe [36]. He examined forty-four three-component systems and established sev-
eral empirical rules enabling the interpretation of experimental data on the trans-
parency of high-conversion terpolymers. These empirical rules were explained lat-
er [37] in terms of the theory of dynamic systems whose methods have been suc-
cessfully employed for qualitative analysis of the solutions of the set of dynamic
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equations of multicomponent copolymerization (10). Using these methods it has
been possible not only to substantiate the empirical rules put forward by Slocombe
but also to predict the transparency regions of the products of terpolymerization
of styrene with some acrylates and methyl methacrylate [37, 38].

From the above reasoning it may be concluded that the quantitative theory as
it stands today gives the opportunity to provide an exhaustive description of the
chemical structure of the products of free-radical copolymerization of any
number of monomers m.

A user-friendly computer program has been developed (A.S.Yakovlev, S.I.Kuch-
anov “Copolymerization for Windows”) which makes it possible at any values of
conversion to calculate for m=2–6 along with the composition of monomer mix-
ture x, such statistical characteristics as instantaneous X and average copoly-
mer composition as well as the fractions  of sequences Uk with k=2–4 and
composition distribution. To calculate all these characteristics at any composition
of initial monomer mixture x0 it is only necessary to have as input parameters the
values of the reactivity ratios {rαβ}. In addition, for the purpose of the prediction
of the transparency and heat resistance of the products of copolymerization, pro-
vision is made in the program for the calculation of their enthalpy of mixing (4)
and glass transition temperature (5). Having completed the discussion of the ideal
model we will now switch to more complicated kinetic models.

5.1.2
Penultimate Model 

This is the simplest of the models where violation of the Flory principle is per-
mitted. The assumption behind this model stipulates that the reactivity of a pol-
ymer radical is predetermined by the type of both its ultimate and penultimate
units [23]. Here, the pairs of terminal units ~ α β act, along with monomers
Mγ, as kinetically independent elements, so that there are m3 constants of the
rate of elementary reactions of chain propagation kαβγ. The stochastic process of
conventional movement along macromolecules formed at fixed x will be Mark-
ovian, provided that monomeric units are differentiated by the type of preced-
ing unit. In this case the number of transient states Sα of the extended Markov
chain is m2 in accordance with the number of pairs of monomeric units. No spe-
cial problems presents writing down the elements of the matrix of the transi-
tions Q of such a chain [1, 10, 34, 39] and deriving by means of the mathematical
apparatus of the Markov chains the expressions for the instantaneous statistical
characteristics of copolymers. By way of illustration this matrix will be present-
ed for the case of binary copolymerization:

(13)
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where probabilities of the transitions ναβ≠0 between irreversible states Sα:

S1~ 1 1,  S2~ 1 2,  S3~ 2 1,  S4~ 2 2 (14)

may be presented as follows:

(15)

Four kinetic parameters r(α) are related to the reactivity ratios:

(16)

by the simple relationships:

(17)

In order to obtain the expression for the components of the vector of instan-
taneous copolymer composition it is necessary, according to general algorithm,
to  firstly determine the stationary vector π of the extended Markov chain with
the matrix of transitions (13) which describes the stochastic process of conven-
tional movement along macromolecules with labeled units and then to erase
the labels. In this particular case such a procedure reduces to the summation:

X1=π1+π3 X2=π2+π4 (18)

corresponding to the enhancement of the states (14) via their coupling. Analo-
gous erasing of the labels may be accomplished when calculating other statistical
characteristics of copolymers. After determining their instantaneous values in
this way, one should proceed further to conversional averaging identical to that
performed under the description of copolymerization within the framework of
the ideal model. This means that formulas (9)–(12) remain valid.

5.1.3
Complex Participation Model

Currently this model is one of the most commonly used in the theory of free-
radical copolymerization. The formation of a donor–acceptor complex Mα…
Mβ between monomers Mα and Mβ in some systems is responsible for a number
of peculiarities absent in the case of the ideal model. Such peculiarities are due
to the fact that besides the single monomer addition to a propagating radical, a
possibility also exists of monomer addition in pairs as a complex. Here the role
of kinetically independent elements is played by ultimate units ~ α of growing
chains as well as by free (Mβ) and complex-bound (M*β ) monomers, whose con-
stants of the rate of addition to the macroradical with α-th ultimate unit will be
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kαβ and k*αβ, respectively. This kinetic model has been put forward [40] for the
description of binary copolymerization. Here, for simplicity, we restrict our-
selves to consideration of this simplest case in order to illustrate the ideas of gen-
eral approach [24] to the description of copolymerization of any number of
monomers.

Rigorous kinetic analysis has shown [41] that the products of binary copoly-
merization, formed under the conditions of constant concentrations of mono-
mers, may be described by the extended Markov chain with four states Sα, if to
label monomeric units conventionally coloring them in red and black. Unit α
is presumed to be black when the corresponding monomer Mα adds to the rad-
ical as the first monomer of the complex. In other cases, when monomer Mα
adds individually or as the second monomer of the complex, the unit α is as-
sumed to be red. As a result the state of a monomeric unit is characterized by two
attributes, one of which is its type (α=1,2) while the second one is its color (r,b).
For example, we shall speak about the unit being in the state S1 provided it is of
the first type and red-colored, i.e. r

1. The other states Sα are determined in a
similar manner:

S1~ r
1,  S2~

b
1,  S 3~

r
2,  S 4~

b
2 (19)

Essentially, in realistic polymer chains, a monomeric unit does not “remem-
ber” the way it appeared in the macroradical. All the experimental characteris-
tics of a copolymer chemical structure are naturally described in terms of un-
colored units. Consequently, having preliminarily calculated these characteris-
tics in the ensemble of macromolecules with colored units, it is then necessary
to “erase” colors bearing in mind that every state in a chain of uncolored units is
an enhancement of a corresponding pair of states in a chain of colored units. The
latter is the Markov chain with transient states (19), whose matrix of transitions
looks as follows:

(20)

The elements of this matrix which differ from zero and unity
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contain as kinetic parameters, apart from {rαβ} which occur in the ideal model,
another four dimensionless parameters:

(22)

Upon expressing from the equilibrium condition the complex concentration
M12 through the concentrations of monomers, and substituting the expression
found into relationship (21) we obtain, invoking the formalism of the Markov
chains, final formulas enabling us to calculate instantaneous statistical charac-
teristics of the ensemble of macromolecules with colored units. A subsequent
color erasing procedure is carried out in the manner described above. For exam-
ple, when calculating instantaneous copolymer composition, this procedure
corresponds to the summation of the appropriate components of the stationary
vector π of the extended Markov chain:

(23)

5.1.4
Preferential Sorption Model

During experimental investigation of the products of low-conversion binary co-
polymerization of some monomers a number of peculiarities were revealed
[42–47] which could not be interpreted in terms of traditional kinetic models al-
lowing for only short-range effects. So, the uniform composition copolymer
specimens of styrene with methacrylic acid synthesized in carbon tetrachloride
and dioxane solution exhibited identical sequence distribution regardless of the
solvent type [42]. These results led to the conclusion that the same mechanism
and the same set of reactivity ratios were applicable for both systems despite the
substantial divergence in the shape of the curve X(x). Later, Harwood [43] ex-
tended this finding to other solvents and monomers. It was suggested [42, 43]
that the main reason responsible for this effect is associated with the peculiari-
ties caused by the partitioning of monomer molecules between the bulk of the
reaction mixture and the domain close to the reactive center of the growing pol-
ymer chain. The above phenomenon, originating from the preferential sorption
of the monomers in such a domain, has been named by Harwood [43] the
“bootstrap effect” because of the capability of the macroradical to control its en-
vironment.

Some other anomalies, falling well outside the boundaries of traditional the-
ories, have been experimentally found by Semchikov, Smirnova et al. (see [44–
47] and references cited therein) who examined bulk low-conversion copolym-
erization of about thirty pairs constituted of the commonly encountered vinyl
monomers. These anomalies can be listed as follows:

1 The composition of a relevant number of copolymers is tangibly controlled by
their molecular weight.

    
r

k

k
r

k

k
r

k

k
r

k

k
11

11

11
12

11

12
21

22

21
22

22

22

*
*

*
*

*
*

*
*

         = = = =

X X1 1 2 2 3 4= + = +π π π π



Principles of the Quantitative Description of the Chemical Structure of Synthetic Polymers 181

2 Copolymers synthesized under conversion of less than ten percent exhibit
composition heterogeneity substantially exceeding that predicted by the tra-
ditional theories.

3 Each copolymer chain is chemically inhomogeneous along its length.

In order to explain the above-mentioned anomalies an original model of the m-
component copolymerization has been put forward [48], taking into account
chemical factors along with the also thermodynamic ones. It is pertinent to
dwell briefly on the key points of this model.

At the initial stage of bulk copolymerization the reaction system represents
the diluted solution of macromolecules in monomers. Every radical here is an
individual microreactor with boundaries permeable to monomer molecules,
whose concentrations in this microreactor are governed by the thermodynamic
equilibrium whereas the polymer chain propagation is kinetically controlled.
The evolution of the composition of a macroradical X under the increase of its
length l is described by the set of equations:

(24)

Here πα(x) denotes the α-th component of the stationary vector π of the
Markov chain with transition matrix Q whose elements depend on the monomer
mixture composition in microreactor x according to formula (8). To have the set
of Eq. (24) closed it is necessary to determine the dependence of x on X in the
thermodynamic equilibrium, i.e. to solve the problem of equilibrium partition-
ing of monomers between microreactors and their environment. This thermo-
dynamic problem has been solved within the framework of the mean-field Flory
approximation [48] for copolymerization of any number of monomers and sol-
vents. The dependencies xα=Fα(X)(α=1,…,m) found there in combination with
Eqs. (24) constitute a closed set of dynamic equations whose solution permits
the determination of the evolution of the composition of macroradical X(l) with
the growth of its length l, as well as the corresponding change in the  monomer
mixture composition in the microreactor.

In the model under consideration all macromolecules of fixed length l have
the same composition X(l). However, owing to the substantial polydispersity of
the products of free-radical copolymerization for length (even for polymer spec-
imens obtained under low conversions), their composition distribution:

(25)

may turn out to be rather wide.
It is easy to notice a certain formal resemblance between this expression and

the expression (11) for the composition inhomogeneity of the products of high-
conversion copolymerization describable by the ideal model. In both expres-
sions angular brackets denote the operation of averaging the bracketed quantity
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either over the conversion under which the polymer chain formed or over its
length. This resemblance is also retained for the calculation of sequence distri-
bution where only the quantities  are obtainable experimentally. In
both cases it implies the performance of corresponding averaging of instantane-
ous probabilities P{Uk} in the mixture of fractions which are monodisperse in
composition. Expressions for P{Uk} within the framework of the model in hand
will be identical to those occurring in the ideal model with the sole distinction
that the components xα of the monomer mixture composition vector involved in
these expressions will be controlled by the macromolecule length l in a much
different fashion than they were dependent on conversion in the case of the ideal
model. The trajectory x(l) for the model of interest is prescribed not only by re-
activities {rαβ} but also by thermodynamic parameters {χαβ} which characterize
in the theory of solutions the pair interactions between monomers and mono-
meric units.

5.2
Living Anionic Copolymerization

The fundamental distinction between this process and free-radical copolymeri-
zation becomes apparent even in the framework of the ideal kinetic model. This
is due to the perceptible change in monomer composition which occurs in the re-
action system in the course of a polymer chain propagation. This phenomenon
inevitably results in intramolecular chemical inhomogeneity of the products of
high-conversion “living” anionic copolymerization [49, 50]. It show up dramati-
cally the more strongly pronounced is the distinction in reactivities of mono-
mers. If this distinction is large enough the products formed for such a process
at complete conversion (p=1) are so-called tapered copolymers [51, 52]. Their
macromolecules differ from those of ideal block copolymers in two features.
Firstly, the border between blocks is more or less fuzzy and, secondly, the very
blocks can comprise a number of incorporated units of the other monomer.

An exhaustive statistical description of “living” copolymers is provided in the
literature [25]. There, proceeding from kinetic equations of the ideal model, the
type of stochastic process which describes the probability measure on the set of
macromolecules has been rigorously established. To the state Sα(τ) of this pro-
cess monomeric unit α corresponds formed at the instant τ by addition of
monomer Mα to the macroradical. To the statistical ensemble of macromolecules
marked by the label τ there corresponds a Markovian stochastic process with
discrete time but with the set of transient states Sα(τ) constituting continuum.
Here the fundamental distinction from the Markov chain (where the number of
states is discrete) is quite evident. The role of the probability transition matrix in
characterizing this chain is now played by the integral operator kernel:
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which has a sense of the density of the probability of transition from transient
state Sα(τ) into the state Sβ(η).

The kernel (26) in combination with the probability of the transition from the
state Sα(τ) to the absorbing state:

(27)

completely defines the Markovian stochastic process in hand.
The kernel (26) and the absorbing probability (27) are controlled by the rate

constants of the elementary reactions of chain propagation kαβ and monomer
concentrations Mα(τ) at the moment τ. These latter are obtainable by solving the
set of kinetic equations describing in terms of the ideal kinetic model the alter-
ation with time of concentrations of monomers Mα and reactive centers Rα.

(28)

Knowing the functions (26) and(27) it is possible by means of the formalism
of the theory of Markovian processes [53] to find any statistical characteristic in
an ensemble of macromolecules with labeled units. A subsequent label erasing
procedure is carried out by integration of the obtained expressions over time of
the formation of monomeric units. Examples of the application of this algorithm
are reported elsewhere [25].

6
Step Polymerization

In step polymerization processes the functional groups act as reactive centers.
Here the elementary reaction of chain propagation during polycondensation is
represented by the interaction of two such groups, Ai and Aj, pertaining to dif-
ferent molecules, which leads to the formation of chemical bond Qij. As a result
of this elementary reaction the combination of a pair of molecules takes place of-
ten accompanied by the formation of a molecule of a low molecular weight by-
product, zij. Under certain conditions a back reaction is quite conceivable ac-
companied by the cleavage of a chemical bond with splitting of the polymer mol-
ecule. When the rate of this degradation reaction Wd is small compared with that
of the reaction of condensation W the polycondensation process is found to pro-
ceed practically irreversibly. Under regime of reversible polycondensation,
when the rates Wd and W are comparable, it is essential describing the kinetics
of such a process to make allowance for the destruction of polymer molecules.
If polymer synthesis is conducted under invariable conditions after a lapse of
time the reaction system attains chemical equilibrium characterized by a partic-
ular distribution of the polycondensation products for size, composition and
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functionality. The calculation of this equilibrium SCFD may be accomplished by
means of a thermodynamic method which is a far more simple task in compar-
ison to the calculation of such a distribution in the case of irreversible poly-
condensation. Under equilibrium the rates of condensation and destruction
have the same value W, controlled by the initial concentrations of the monomers
and the temperature. If the by-product is withdrawn from the reaction zone at a
rate Wout which is small relative to W at every instant the system will be practi-
cally in equilibrium. The parameters of the equilibrium SCFD will be governed
by the instantaneous value of the by-product concentration in the reaction zone.
Such a process of reversible polycondensation proceeding at Wout<<W will ap-
parently be equilibrium.

The topological structure of condensation polymers is predetermined by the
functionality of the initial monomers. If all of them are bifunctional then linear
polymers are known to form. Branched and crosslinked molecules are prepared
only when at least one of the monomers involves three or more functional
groups.

When making theoretical considerations of polycondensation processes it is
necessary to distinguish chemically identical functional groups if they differ in
reactivity. Examples are primary and secondary hydroxyls in a molecule of glyc-
erine, SA2

1A2, which belong to kinetically distinct types A1 and A2.
Monomers employed in a polycondensation process in respect to its kinetics

can be subdivided into two types. To the first of them belong monomers in which
the reactivity of any functional group does not depend on whether or not the re-
maining groups of the monomer have reacted. Most aliphatic monomers meet
this condition with the accuracy needed for practical purposes. On the other
hand, aromatic monomers more often have dependent functional groups and,
thus, pertain to the second type. Obviously, when selecting a kinetic model for
the description of polycondensation of such monomers, the necessity arises to
take account of the “substitution effects” whereas the polycondensation of the
majority of monomers of the first type can be fairly described by the ideal kinet-
ic model. The latter, due to its simplicity and experimental verification for many
systems, is currently the most commonly accepted in macromolecular chemis-
try of polycondensation processes.

6.1
Linear Polycondensation

Alongside the radical distinction of the mechanism of this process from that of
chain polymerization, linear polycondensation features a number of specific pe-
culiarities. So, for instance, the theory of copolycondensation does not deal with
the problem of the calculation of a copolymer composition which normally co-
incides with the initial monomer mixture composition. Conversely, unlike chain
polymerization, of particular importance for the products of polycondensation
processes with the participation of asymmetric monomers is structural isomer-
ism, so that the fractions of the “head-to-head”and “head-to-tail” patterns of ar-
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rangement prove generally to be comparable. Consequently, a necessity arises to
solve the specific problems associated with the calculation of the microstructure
parameters of polycondensation copolymers with allowance for various types of
isomerism of their molecules. When considering polycondensation systems of
dissimilar kinds questions need to be answered concerning the number of such
parameters and the ways of selection best suited for the treatment of the exper-
imental data found, for example, by an NMR spectroscopy technique. Once these
structural parameters have been chosen the theory comes up against the prob-
lem of establishing their dependence on the stoichiometric, kinetic and thermo-
dynamic parameters that characterize a reaction system. Substantial progress
has been made in the solution of this problem [12, 54]. Further refinement of the
theory of linear polycondensation is connected with the calculation of other sta-
tistical characteristics of the products of this process which describe their com-
position inhomogeneity and the sequence distribution in their macromolecules.

6.1.1
Monomers with Kinetically Independent Functional Groups

As the result of theoretical consideration of polycondensation of an arbitrary
mixture of such monomers it was proved [55, 56] that the alternation of mono-
meric units along polymer molecules obey the Markovian statistics. If all initial
monomers are symmetric, i.e. they resemble AαSαAα, units Sα(α=1,…,m) will
correspond to the transient states of the Markov chain. The probability ναβ of
transition from state Sα to Sβ is the ratio Qαβ/να of two quantities Qαβ and να
which represent, respectively, the number of dyads (SαSβ) and monads (Sα) per
one monomeric unit. Clearly, Qαβ is merely a ratio of the concentration of chem-
ical bonds of the αβ-th type, formed as a result of the reaction between group Aα
and Aβ, to the overall concentration of monomeric units. The probability να0 of
a transition from the transient state Sα to an absorbing state S0 equals 1–pα
where pα represents the conversion of groups Aα.

Somewhat more complicated is the Markov chain describing the products of
polycondensation with participation of asymmetric monomers. Any of them,
AiSαAj, comprises a “tail-to-head” oriented monomeric unit Sα. It has been dem-
onstrated [55, 56] that the description of molecules of polycondensation copol-
ymers can be performed using the Markov chain whose transient states corre-
spond to the oriented units. A transient state of this chain {ij} corresponds to a
monomeric unit at the left and right edge of which the groups Ai and Aj are po-
sitioned, respectively. A state {ji} corresponds here to the same unit but is orient-
ed in the opposite direction. However, a drawback of this Markov chain worthy
of mention is the excessive number of its states.

It is possible, however, to eliminate this drawback [56] by enlarging the above
Markov chain through a combination of several of its states into a single one.
Such an enlargement is attainable in two ways. Following the first of them it is
necessary as a transient state (j) of the enlarged chain to choose the sum of states
{1j}+{2j}+…+{mj}, whereas the second way suggests that as such a state (i) the
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combination of states {i1}+{i2}+…+{im} acts. The enlarged Markov chains ob-
tained in these two ways discriminate between “heads” and “tails” either only on
right edges or only on left edges of monomeric units, respectively. The probabil-
ities of the transitions between transient states of the first of these Markov chains
are the elements of a matrix representing the product of two square matrices p
and H. The first of them has elements pij=Qij(1+δij)/µ0

i, where µ0
i is the number

of functional groups Ai per one monomeric unit in molecules of the initial mon-
omers, while δij denotes the Kronecker delta-symbol. The element Hij of the ma-
trix H is distinct from zero only provided that the initial mixture comprises
monomer AiSαAj. In this case Hij=να(1+δij). The probability of the transition νj0
from a transient state (j) to an absorbing one for the “right edge” Markov chain
under consideration is equal to 1–pj. An analogous “left edge” Markov chain has
also been described [12].

It is common knowledge that in order to synthesize high molecular weight
products by polycondensation it is necessary to choose fractions of the initial
monomers so as to ensure that the deviations from their stoichiometric condi-
tion, providing a complete conversion pi=1 of all functional groups Ai, are min-
imal [57]. Under this condition for solving the problem of the sequence distri-
bution it is possible to neglect the finiteness of macromolecules and to calculate
the fractions of dyads, triads and so on resorting to the formalism of ergodic
Markov chains rather than to the formalism of absorbing ones.

Noteworthy that all the above formulated results can be applied to calculate
the statistical characteristics of the products of polycondensation of an arbitrary
mixture of monomers with kinetically independent groups under any regime of
this process. To determine the values of the elements of the probability transi-
tion matrix of corresponding Markov chains it will suffice to calculate only the
concentrations Qij of chemical bonds (ij) at different conversions of functional
groups. In the case of equilibrium polycondensation the concentrations Qij are
controlled by the thermodynamic parameters, whereas under the nonequilibri-
um regime of this process they depend on kinetic parameters.

6.1.2
Monomers with Dependent Groups

When monomers with dependent groups are involved in a polycondensation,
the sequence distribution in the macromolecules can differ under equilibrium
and nonequilibrium regimes of the process performance. This important pecu-
liarity, due to the violation in these nonideal systems of the Flory principle, is
absent in polymers which are synthesized under the conditions of the ideal poly-
condensation model. Just this circumstance deems it necessary for a separate
theoretical consideration of equilibrium and nonequilibrium polycondensa-
tion.

Such a consideration demonstrated [56] that the sequence distribution in
products of arbitrary equilibrium copolycondensation can always be described
by some Markov chain with the elements of the transition probability matrix ex-
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pressible through thermodynamic and stoichiometric parameters of a system
[58]. Yet under a nonequilibrium regime of the performance of this process the
above assertion holds for quasiideal systems only [59]. Among these latter there
are such nonideal systems, where every unit of a monomer with dependent
groups in any polymer molecule is connected by chemical bonds exclusively
with units of the monomers containing independent groups.

The simplest system of those which do not meet this condition is the
homopolycondensation of monomer SA2 whose groups are dependent. As a the-
oretical analysis of this process proceeding under the equilibrium regime has
demonstrated [2, 60], the molecular weight distribution ƒ(l) of the polymers
formed is described as in the case of the ideal model by the Flory formula. This
exponential distribution can be derived using the statistical method when pol-
ymer molecules are envisaged as realizations of an absorbing Markov chain
with the only transient state. A completely different type of situation occurs un-
der the irreversible regime of polycondensation when the distribution ƒ(l) cal-
culated within the framework of the same model differs materially from the ex-
ponential one [2]. It follows from the numerical calculations [61] at certain val-
ues of kinetic parameters that this distribution may be bimodal and even oscil-
lating in shape. In terms of the statistical method it was rigorously proved [61]
that in this case a random process of conventional movement along a macro-
molecule may not be described by a Markov chain of any finite order. Theoreti-
cal examination of the effect of the dependence of functional groups in mono-
mer molecules on the character of the sequence distribution in the products of
irreversible copolycondensation has been exhaustively carried out for the inter-
bipolycondensation of two comonomers A1R1A1 and A2R2A2 with intercompo-
nent BIB. The simplest characteristic defining the structure of chains formed in
such a system of binary copolymers ~IR1IR1IR2IR2~ is a microheterogeneity
coefficient KM which depends only on fractions of dyads of elementary units
(R1I) and (R2I). Kinetic calculation of this structural parameter showed [62]
that the character of a chain microstructure is predetermined to a great extent
by the dependence of the reactivities of functional groups in an intercompo-
nent. If they are independent according to the theory KM=1 and the sequence
distribution at any conversion, the stoichiometry of the initial mixture of mon-
omers and their reactivity is always random. A general correlation has been es-
tablished between the fashion of the change of the reactivity of intercomponent
functional groups in the course of their reaction with comonomers and the
manner of the sequence distribution in a copolymer [62]. If entering into the re-
action of the first group of an intercomponent is accompanied by a decrease in
the reactivity of its second group the theory predicts the tendency of chain units
to alternation (KM>1). In the opposite case, under the growth of the reactivity
of the second group, a tendency to block formation is expected to arise (KM<1).
These theoretical regularities have been verified for the products of acceptor-
catalytic interbipolycondensation by comparing the values of the quantity KM
found from the analysis of spectroscopic data and those calculated theoretically
[54, 63].
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For the interbipolycondensation the condition of quasiideality is the inde-
pendence of the functional groups either in the intercomponent or in both
comonomers. In the first case the sequence distribution in macromolecules will
be described by the Bernoulli statistics [64] whereas, in the second case, the dis-
tribution will be characterized by a Markov chain. The latter result, as well as the
parameters of the above mentioned chain, were firstly obtained within the
framework of the simplified kinetic model [64] and later for its complete version
[59]. If all three monomers involved in interbipolycondensation have dependent
groups then, under a nonequilibrium regime, non-Markovian copolymers are
known to form.

6.2
Branched Polycondensation

6.2.1
Ideal Model

Let us address first the processes of irreversible polycondensation of an arbitrary
mixture of monomers. The functional groups A1,…,Ai,…,Am act here as kineti-
cally independent elements, and the scheme of the elementary reactions of con-
densation between them

(29)

is characterized by m(m+1) kinetic parameters {kij}.
The rate constants in the reactions (29) may be conveniently envisaged as el-

ements of symmetric matrix k. In order to calculate the statistical characteristics
of a particular polycondensation process along with matrix k parameters should
be specified which characterize the functionality of monomers and their stoichi-
ometry. To this end it is necessary to indicate the matrix f whose element fiα
equals the number of groups Ai in an α-th type monomer as well as the vector v
with components ν1,…να,…,νn which are equal to molar fractions of monomers
M1,…,Mα,…,Mn in the initial mixture. The general theory of polycondensation
described by the ideal model was developed more than twenty years ago [2]. Be-
low the key results of this theory are presented.

6.2.1.1
Kinetic Method

The composition and the functionality of a polymer molecule are defined by the
numbers lα(α=1,…,n) and ai(i=1,…,m) of monomeric units and functional
groups of different types involved in the molecule. Considering these numbers
as components of vectors l and a in order to denote the polymer molecule it is
convenient to introduce symbol {l;a}. In terms of the latter, taking into account
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the scheme of the elementary reactions in Eq. (29), it is a simple task to describe
the scheme of the reactions between molecules:

(30)

Here all components of the vector ei, except the i-th one which is unity, are
equal to zero. Because the molecular reaction (30) is induced by chemical inter-
action of groups Ai and Aj its rate constant apparently equals . It
is possible to write down an infinite set of kinetic equations corresponding to the
scheme (30) for the concentrations C(l;a;t) of molecules of different composition
and functionality which are present in the reaction system at the moment t. To
solve these equations it is convenient to go over to the equivalent equation:

(31)

(32)

of the distribution of reagents for size, composition and functionality (SCFD).
Their concentration entering into the expression (32) is made dimensionless by
the division by the overall concentration M of monomeric units. The change
with time of the average number µi of functional groups Ai per one monomeric
unit can be found from the solution of the following equations:

(33)

Exact solution of the partial differential equation (31) under the initial condi-
tion

(34)

obtained by the method of characteristics will read

(35)

where the following designations are used
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Expressions (35), (36) in conjunction with characteristics

(37)

which establish the correlation between vectors ζ and x, define gf (32). Another
two generating functions are expressed through it

(38)

The first of them occurs in thermodynamic theory of solutions and blends of
heteropolymers [3] whereas the second one is the gf of the weight SCD ƒW(l). It
can readily be determined from the simple expression:

 (39)

where the dependence of the components of the vector ζ on s can be determined
by solving the following set of algebraic equations

(40)

Here δkj is the Kronecker delta-symbol. Apart from components fkα of the ma-
trix of functionalities f and conversion pi of the groups Ai (37) to the right-hand
part of Eqs. (40), there also enter the elements pij and κjα of the matrix of bonds
p and the stoichiometric matrix κ, respectively

(41)

To establish the dependence of quantities pij on time it is necessary to deter-
mine the dimensionless concentrations Qij bonds per monomeric unit. It is suf-
ficient for this purpose to solve Eqs. (33) and to calculate the integral (36). The
element κjα of the stoichiometric matrix, according to (41), represents the frac-
tion of all groups Aj in the initial mixture which belong to monomer Mα.

A straightforward scenario for determining the gf of the weight SCD (38) of
polycondensation polymers consists in finding the solution ζ(s) of the algebraic
equations (40), its subsequent substitution into formula (39) and the expansion
of the expression obtained into a power series of the vector s components. How-
ever, another way, which is based on the special relationships for the derivatives
of the implicit functions, was found to be more convenient [65]. This operation
works even when it is impossible to find the explicit solution to Eqs. (40).
Equations (39) and (40) permit one, in a rather simple manner, to derive the for-
mulas for the statistical moments of the SCD avoiding the highly tedious proce-
dure of determination of this very distribution. Hence, for instance, the weight
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average degree of polymerization can be calculated using the following equa-
tion:

(42)

where ∆ij are elements of matrix ∆

(43)

and fT is the matrix transposed to f. The gel-point condition PW=∞, as determined
from expressions (42) and(43), is the vanishing of the matrix (E-pH) determinant.

6.2.1.2
Statistical Method

Equations (39) and (40) permit a simple probabilistic interpretation in terms of
the theory of branching processes which describe the populations of independ-
ently reproducing particles. Under such a consideration to each of them a par-
ticular fragment of the polymer molecule corresponds. Noteworthy, this corre-
spondence may differ for various modifications of the statistical method [66].
For the modification to be considered below there are two classes of reproducing
particles. The first of them corresponds to functional groups Ai, including the
reacted ones, while the second corresponds to monomeric units Sα labeled by
“color” j, which indicates the type of the reacted group Aj in this unit. A popula-
tion of such a branching process develops in the  following way. Firstly, a particle
ancestor of the α-th type gives birth in the zero-th generation to the descendants
of the first class among which fiα particles pertain to the i-th type. The probabil-
ity generating function in this generation is as follows:

(44)

Each particle (i) of the zero-th generation can either die with the probability
1–pi or give birth to a particle of the second class (jα) with probability pijκjα.
Consequently, the gf of a particle belonging to the first generation is defined as:

(45)

where Sc
(jα)  is the marker variable for the random appearance of particle (jα) as-

sociated with the colored monomeric unit Sj
α . Evidently, the descendants of

such a particle of the second generation will differ from those produced by the
particle ancestor by the absence of one particle (j), so that the gf of the second
class particle is represented by the formula:

(46)
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For subsequent evolution of the population the events mentioned are recur-
sively repeated. According to the definition of the Galton-Watson branching
process, the probabilities of the reproduction do not depend here on the
number of generations, so that expressions (45) and (46) are valid for all
generations beginning with the first one. In line with the general theory of
such stochastic processes [16] the gf of the probability distribution of popu-
lations with a given set of numbers of particles is defined by the following
formulas:

(47)

which completely characterize the extended branching process. To eliminate ex-
cessive information contained in these formulas one should set yi=1 and sc

(jα)=sα
should be set for all values of the indices, i.e. not to distinguish molecules by the
number of groups and to “erase” colors which mark monomeric units. It can be
easily verified  that expressions  (44)–(47) will go over to (39) and (40).

Depending on the values of the probability parameters of the branching proc-
ess two paths of evolution for every population are possible: either it will degen-
erate in some generation or it will infinitely grow. The probability ξ*1,...,ξ*m  of
degeneration of a population generated by particles (1),...(m) is the solution of
the set of algebraic equations (40). Up to the gel-point ξ*1=...=ξ*m =1, whereas
after the gel-point ξ*i <1 at all values of i. Knowing the components ξ*i  of the
vector ξ* it is easy to calculate the fraction of all monomeric units involved in
the sol-fraction ωs as well as its composition Xs

(48)

It is worth emphasizing that formulas (39) and (40) may be invoked to deter-
mine the statistical characteristics of the sol-fraction provided the probability
parameters are replaced in these equations by their modified values

(49)

The relationship established between stochastically branched molecules of
Gordonian polycondensation polymers and the realizations of the correspond-
ing branching process provides the possibility to find in parallel with the SCD
the fraction of any isomer [67] and that of the arbitrary fragment of molecules
that characterize the microstructure of these latter [68]. Central among the sta-
tistical characteristics of a gel is its cyclic rank, responsible for the elasticity of
the polymer network. A formula has been derived [69] for this statistical param-
eter of the global topological structure of the molecular graph of a network
formed during polycondensation of an arbitrary monomer mixture provided
the ideal model is applicable.
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6.2.1.3
Universality

The theoretical results reported in the foregoing referred to irreversible poly-
condensation because just for this regime the derivation of expressions (39), (40)
has been demonstrated by means of kinetic method. Proceeding from thermo-
dynamic considerations it was rigorously proved [70] that the products of equi-
librium polycondensation are describable by these very expressions. A correla-
tion has also been disclosed between probability parameters pij of the branching
process and the equilibrium constants of elementary reactions (29). Since under
two limiting kinetic regimes (for one of which the destruction rate is negligible
whereas for the other it attains maximum value) the polycondensation products
are described by the same branching process, there are serious grounds to deem
it to be universal for any synthesis regime. The probability parameters pij in the
general case are related to the concentrations Qij of chemical bonds by the rela-
tionship (41), while values Qij can be calculated by solving the set of material
balance equations [2] corresponding to the elementary reaction (29) with al-
lowance for its reversibility. Hence, the quantitative theory of polycondensa-
tion described by the ideal kinetic model may be envisaged today as being
complete.

6.2.2
First-Shell Substitution Effect Model

The reactivity of a functional group can be dependent not only on its type but
also on the microstructure of the molecule fragment to which this group is at-
tached. If such a fragment is a monomeric unit with adjacent chemical bonds
then the functional group reactivity will be governed solely by the number of
such bonds, their types and their mutual arrangement in the unit comprising the
reacting group. Within the framework of this approximation account is taken
only of the “first-shell” substitution effect (FSSE). When the presence of a react-
ed group also affects the reactivity of groups belonging to the next monomeric
unit then the term “second-shell” substitution effect is used, and so on. Here
only FSSE will be considered.

The key peculiarity of nonideal models is the fact that unlike for the case of
the ideal model they do not exhibit universality. In other words the products of
equilibrium and irreversible polycondensation are characterized in the frame-
work of the FSSE model by different branching processes. This assertion will be
exemplified below by the homopolycondensation of a monomer SAf containing
f identical functional groups A. Under theoretical consideration of this system it
is convenient to distinguish monomeric units S by their kind depending on the
number i of reacted groups attached to them. This means that a unit belongs to
the kind i if it has i adjacent chemical bonds connecting this unit with the neigh-
boring ones.
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6.2.2.1
Equilibrium Polycondensation

Here the FSSE model is characterized by f thermodynamic parameters
k0,...,k1,...,kf–1 where ki is the equilibrium constant of the elementary reaction be-
tween functional groups attached to the i-th type unit and to the monomer. It
has been shown [71, 72] that it is possible to calculate the statistical characteris-
tics of the polycondensation products via the Galton-Watson branching process
with one type of reproducing particles corresponding to either chemical bonds
or reacted functional groups. Generating functions of the distribution of proba-
bilities of the number of descendants in the zero-th and all the subsequent gen-
erations

(50)

are defined exclusively by the number, λi, and weight, di=iλi/pf, distribution of
monomeric units for their kind i. Substitution of the expressions in Eq. (50) into
formulas of the Galton-Watson process [16] for gf of the distribution of number
of all particles constituting the population

(51)

leads to the expression for generating function GW(s) of weight MWD of the
products of equilibrium polycondensation.

(52)

Fractions λi of the i-th type of monomeric units can be calculated starting
from the following expressions [73]:

(53)

The auxiliary variable ω is uniquely related to the conversion:

(54)
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so that in order to calculate all the statistical characteristics of a polymer chem-
ical structure at fixed values of p it will suffice to know the values of the inde-
pendent thermodynamic parameters κ1,...κf.

The weight fraction of sol can be calculated from the formulas:

(55)

where the probability u* of degeneration of a population generated by one par-
ticle is defined as the smallest positive root of Eq. (55). The calculation of MWD
and its statistical moments can be carried out, following Dobson and Gordon
[74], in the same manner as normally done before gelation, by switching to
modified generating functions:

(56)

A general theory of the equilibrium polycondensation of an arbitrary mix-
ture of monomers, described by the FSSE model, has been developed [75]. Pro-
ceeding from rigorous thermodynamic considerations a branching process has
been indicated which describes the chemical structure of condensation poly-
mers and expressions have been derived which relate the probability parame-
ters of this stochastic process to the thermodynamic parameters of the FSSE
model.

6.2.2.2
Irreversible Polycondensation

In this case the role of kinetically independent elements in accordance with the
extended Flory principle is performed by monomeric units of different kinds
S0,...,Sf, while here the rate constants of the elementary reactions of condensa-
tion kij(i,j=0,..., f–1) between functional groups belonging to units Si and Sj act
as the parameters of the FSSE model. It has been suggested [76] to characterize
every molecule by vector l with components l0,...,li,...,lf equal to the numbers of
units of types S0,...,Si,...,Sf that this molecule is comprised of. Kinetic schemes of
the reactions between monomeric units as well as between molecules may be
written down as follows:

(57)

The rate constants of these reactions are equal, respectively, to ij=kij(f–i)(f–j)
and ij (l í l j̋ +l j́ l i̋ ). For the generating function
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of dimensionless concentration C(l,t) of molecules with a given value of vector l
the following equation has been derived [61, 76]:

(59)

The values of molar fractions λi of units Si and complete conversion of func-
tional groups can be obtained by solving the following equations:

(60)

As distinct from the ideal model of irreversible polycondensation the exact
analytical solution of Eq. (59) under initial condition g(s;0)=s0 is hardly attain-
able. However, differentiating it term by term with respect to the components of
vector s and setting all of them equal to unity it is possible to derive a closed set
of ordinary differential equations for the second-order statistical moments of
the distribution C(l,t) and to solve them numerically to calculate the value of
conversion at the gel-point p=p* where these moments turn to infinity. Such a
calculation has been performed [77] for different sets of kinetic parameters {kij}.
An alternative way of finding p*, based on the analysis of a solution to Eq. (59)
within the context of the theory of bifurcation, has been advanced [61]. The ac-
curacy of the calculation of the gel-point has been ensured by a comparison of
p* values obtained in the two fashions.

A major problem which has long been a challenge for quantitative theory of
polycondensation is whether the statistical method is applicable or not for the
description of the chemical structure of the products of irreversible polyconden-
sation of a monomer SAf characterized by the FSSE model. First, the Galton-
Watson branching process with generating functions (50) was believed [71] ca-
pable of providing a rigorous statistical description of these products as it is the
case for equilibrium polycondensation. The erroneous character of this claim
was disclosed more than twenty years ago [2]. Nevertheless the question con-
cerning the existence of some alternative branching process which would be able
to offer such a description has been an open question up to now. Today it is pos-
sible to rigorously substantiate the existence of such a process. To do this results
presented in paper [61] should be rewritten as:

(61)

where the following designations are employed:
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(63)

(64)

(65)

It is easy to see that the formulas (61) are similar to those (52) with the essen-
tial distinction that instead of generating functions (gf) F(0)(u) and F(u), the
generating functionals (GF) F(0)[u] (62) and Fi(τ;[u]) (63) appear. To find the gf
of the weight MWD it is necessary according to (61) to solve a set of integral
equations for functions ui(τ) and substitute the solution found into the expres-
sion for F(0)[u].

Relationships (61)–(63) admit simple probabilistic interpretation in terms of
the branching process. To the reproducing particles of this process the reacted
functional groups correspond distinguished by “color” i and label τ. Integer i
characterizes the type Si of monomeric unit to which a given group was attached
at the moment τ of its formation.

Function Pi(t;{τj}) (64) represents the density of probability for the particle an-
cestor at the moment t to give birth to i descendants (whose colors are 0,1,...,i–1)
at the instants τ0<τ1<...<τi–1, respectively. In order to calculate at a given conver-
sion the values of these functions it is sufficient to solve Eqs. (60) and make re-
course to the formulas (65). Expression (63) relating GF Fi to F (0) resembles
expression (50) which relates gf F to F(0). The distinction consists the fact that
the role of the ordinary derivative (59) is now played by functional (variational)
derivatives (63).

Once the particular branching process that specifies the probability measure
on the set of macromolecules of a polymer specimen has been identified, the sta-
tistical method provides the possibility to determine any statistical characteris-
tic of the chemical structure of this specimen. In particular, the dependence of
the weight fraction of a sol on conversion can be calculated by formulas [extend-
ing those (55)] which are obtainable from (61) provided the value of dummy var-
iable s is put unity:

(66)

To determine ωs one should solve the set of f integral equations for probabil-
ities of degeneration u*0(τ),...,u*f–1 (τ) and substitute these functions into func-
tional F (0)[u] (Eq. 62). Numerical solution of these equations by means of the it-
eration method presents no difficulties since the integral operator is a contrac-
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Fig. 1. The dependence of weight fraction of gel on conversion of functional groups A under
irreversible polycondensation of monomer SA3 described by the simplified FSSE model
with kinetic parameters κ1≡k1/k0 and κ2≡k2/k0 . The curves are depicted proceeding from
the results of calculations at values of these parameters equal to κ1=1, κ2=0.1 (a), and κ1=1,
κ2=10 (b)
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tion one on the set of positive smooth vector-functions u(τ). This ensures the
convergence of the iterations to the sought for solution u*(τ). It is especially easy
to find it in the case of the simplified FSSE model when the rate constants of el-
ementary condensation reactions are factorizable kij=kikj. Here the set of f equa-
tions for probabilities of degeneration is reduced to a single integral equation.
Examples of the calculation of ωg=1–ωs in the framework of such a simplified
model at several values of kinetic parameters are depicted in Fig. 1. The calcula-
tion of other statistical characteristics of sol and gel can be found elsewhere [78].

The results reported above have been extended to the general case of irrevers-
ible polycondensation of an arbitrary mixture of monomers (characterized by
arbitrary matrix of functionalities f and the composition vector v) under the
conditions of the applicability of the FSSE model [26].
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